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CHAPTER 1
MAXWELL’S ELECTRODYNAMICS

1.1 Dynamical variables of electromagnetism

The classical theory of the electromagnetic field, as formulated by Maxwell, involves
the vector fields

E(t,z) = electric field at position & and time ¢ (1.1.1)

and
B(t,x) = magnetic field at position  and time t¢. (1.1.2)

We have two vectors at each position of space and at each moment of time. The
dynamical system is therefore much more complicated than in mechanics, in which
there is a finite number of degrees of freedom. Here the number of degrees of freedom
is infinite.

The electric and magnetic fields are produced by charges and currents. In a
classical theory these are best described in terms of a fluid picture in which the
charge and current distributions are imagined to be continuous (and not made of
pointlike charge carriers). Although this is not a true picture of reality, these con-
tinuous distributions fit naturally within a classical treatment of electrodynamics.
This will be our point of view here, but we shall see that the formalism is robust
enough to also allow for a description in terms of point particles.

An element of charge is a macroscopically small (but microscopically large)
portion of matter that contains a net charge. An element of charge is located
at position x and has a volume dV. It moves with a velocity v that depends on
time and on position. The volume of a charge element must be sufficiently large
that it contains a macroscopic number of elementary charges, but sufficiently small
that the density of charge within the volume is uniform to a high degree of accuracy.

In the mathematical description, an element of charge at position « is idealized as
the point z itself. The quantities that describe the charge and current distributions
are

p(t,x) = density of charge at position z and time ¢, (1.1.3)
v(t,z) = velocity of an element of charge at position & and time ¢,(1.1.4)
j(t,x) = current density at position x and time ¢. (1.1.5)

We shall now establish the important relation
Jj = pv. (1.1.6)

The current density j is defined by the statement

J - da = current crossing an element of area da, (1.1.7)

1
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(VAt)CcosH

Figure 1.1: Point charges hitting a small surface.

so that 7 is the current per unit area. The current flowing across a surface S is then

/j-da.
s

On the other hand, current is defined as the quantity of charge crossing a surface
per unit time. Let us then calculate the current associated with a distribution of
charge with density p and velocity v.

Figure 1.1 shows a number of charged particles approaching with speed v a small
surface of area Aa; there is an angle § between the direction of the velocity vector
v and the normal 7 to the surface. The particles within the dashed box will all hit
the surface within a time A¢. The volume of this box is (vAt cos#)Aa = v-nAtAa.
The current crossing the surface is then calculated as

charge crossing the surface)/At
volume of box) 1

current =

total volume /) At
density) (volume of box) /At
= p(v-nAtAa)/At

= pv-(RAa)

(
= (total charge) (
(

= pv-Aa.

Comparing this with the expression given previously, current = j - Az, we find that
indeed, pv is the current density.

As was mentioned previously, the fluid description still allows for the existence
of point charges. For these, the density is zero everywhere except at the position
of a charge, where it is infinite. This situation can be described by a d-function.
Suppose that we have a point charge ¢ at a position 7. Its charge density can be
written as

p(x) = qé(z — ),

where §(x) = §(2)d(y)d(z) is a three-dimensional -function. If the charge is moving
with velocity v, then
J(x) = qué(z — )
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is the current density.

More generally, let us have a collection of point charges g4 at positions 74 (%),
moving with velocities v4(t) = dra/dt. Then the charge and current densities of
the charge distribution are given by

plt,z) = ZqA(S(w —ra(t)) (1.1.8)
A

and

itx) =" qava®)d(z —ra(t)). (1.1.9)
A

Each g4 is the integral of p(t, x) over a volume V4 that encloses this charge but no
other:

qA:/ p(t,x) dz, (1.1.10)
Va

where d3z = dxdydz. The total charge of the distribution is obtained by integrating
the density over all space:

Q= /p(t,m) Pz =" qa. (1.1.11)
A

1.2 Maxwell’s equations and the Lorentz force

The four Maxwell equations determine the electromagnetic field once the charge
and current distributions are specified. They are given by

1

V-E = —p, (1.2.1)
€0
V-B = 0, (1.2.2)
0B
F = ——— 1.2.
V x 5 (1.2.3)
. OFE
VXxB = pupj+eopo— (1.2.4)

ot’

Here, ¢y and po are constants, and V = (V,,V,,V,) is the gradient operator
of vector calculus (with the obvious notation V,f = 0f/0z for any function f).
The Maxwell equations state that the electric field is produced by charges and
time-varying magnetic fields, while the magnetic field is produced by currents and
time-varying electric fields. Maxwell’s equations can also be presented in integral
form, by invoking the Gauss and Stokes theorems of vector calculus.

The Lorentz-force law determines the motion of the charges once the electro-
magnetic field is specified. Let

f(t,x) = force density at position & and time ¢, (1.2.5)

where the force density is defined to be the net force acting on an element of charge
at « divided by the volume of this charge element. The statement of the Lorentz-
force law is then

f=pE+jxB=p(E+vxB). (1.2.6)

The net force F' acting on a volume V of the charge distribution is the integral of
the force density over this volume:

F(t,V) = /V f(t,z)d*z. (1.2.7)
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For a single point charge we have p = ¢d(x — 1), j = qud(x —r), and the total force
becomes
F =q[E(r) + v x B(r)].

Here the fields are evaluated at the charge’s position. This is the usual expression
for the Lorentz force, but the definition of Eq. (1.2.6) is more general.

Taken together, the Maxwell equations and the Lorentz-force law determine the
behaviour of the charge and current distributions, and the evolution of the electric
and magnetic fields. Those five equations summarize the complete theory of classical
electrodynamics. Every conceivable phenomenon involving electromagnetism can be
predicted from them.

1.3 Conservation of charge

One of the most fundamental consequences of Maxwell’s equations is that charge is
locally conserved: charge can move around but it cannot be destroyed nor created.

Consider a volume V bounded by a two-dimensional surface S. Charge conser-
vation means that the rate of decrease of charge within V' must be equal to the
total current flowing across S:

d 3 .
- = -da. 1.3.1
o Vpd x ﬁg da (1.3.1)

Local charge conservation means that this statement must be true for any volume
V', however small or large. We may use Gauss’ theorem to turn Eq. (1.3.1) into a
differential statement. For any smooth vector field w within V' we have

/V-ud%z}l{u-da.
1% S

The right-hand side of Eq. (1.3.1) can thus be written as [, V - jd°z, while the
left-hand side is equal to — [i,(8p/8t) d*z. Equality of the two sides for arbitrary
volumes V' implies

op .

This is the differential statement of local charge conservation, and we would like to
prove that this comes as a consequence of Maxwell’s equations.
To establish this we first differentiate Eq. (1.2.1) with respect to time to obtain

% _ . 0F
ot ot ’

where we have exchanged the order with which we take derivatives of the electric
field. If we now use Eq. (1.2.4) to eliminate the electric field, we get

Bp 1 .
— =V .- (V B)-V -1.
Ot o ( X ) J

The first term on the right-hand side vanishes identically (the divergence of a curl is
always zero) and we arrive at Eq. (1.3.2). We have therefore established that local
charge conservation is a consequence of Maxwell’s equations.

1.4 Conservation of energy

[The material presented in this section is also covered in Sec. 6.7 of Jackson’s text.]
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Other conservation statements follow from Maxwell’s equations and the Lorentz-
force law. In this section we formulate and derive a statement of energy conser-
vation. In the next section we will consider the conservation of linear momentum.
It is also possible to prove conservation of angular momentum, but we shall not
pursue this here.

Conservation of energy is one of the most fundamental principle of physics, and
Maxwell’s electrodynamics must be compatible with it. A statement of local energy
conservation can be patterned after our previous statement of charge conservation.
Let

e(t,&) = electromagnetic field energy density, (1.4.1)
S(t,z)-da = field energy crossing an element of
surface da per unit time. (1.4.2)

So ¢ is analogous to charge density, and S (which is known as Poynting’s vector),
is analogous to current density.
If electromagnetic field energy were locally conserved, we would write the state-

ment
—i/ 6d3x:]{S-da,
dt [y g

which is analogous to Eq. (1.3.1). But we should not expect field energy to be
conserved, and this statement is not correct. The reason is that the field does work
on the charge distribution, and this takes energy away from the field. This energy
goes to the charge distribution, and total energy is conserved. A correct statement
of energy conservation would therefore be (field energy leaving V' per unit time) =
(field energy crossing S per unit time) + (work done on charges within V' per unit
time). To figure out what the work term should be, consider an element of charge
within V. It moves with a velocity v and the net force acting on it is

fdV = p(E +v x B)dV

While the element undergoes a displacement dx, the force does a quantity of work
equal to f -dxdV. The work done per unit time is then f-vdV = pE -vdV =
Jj-EdV. Integrating this over V gives the total work done on the charges contained
in V, per unit time. The correct statement of energy conservation must therefore

have the form
—i/ 5d3x=7{S-da+/ j-Edz. (1.4.3)
dt Jy s %

In differential form, this is

Oe .
6t+V-S— j- E. (1.4.4)
This last equation must be derivable from Maxwell’s equations, which have not
yet been involved. And indeed, the derivation should provide ezpressions for the
quantities € and S. What we have at this stage is an educated guess for a correct
statement of energy conservation, but Eq. (1.4.4) has not yet been derived nor the
the quantities € and S properly defined in terms of field variables. Now the hard
work begins.

We start with the right-hand side of Eq. (1.4.4) and eliminate j in favour of field
variables using Eq. (1.2.4). This gives

1 OF
—j E=-—FE-(VxB)+e6E- 2.
J ” (Vx B)+e¢ 5
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We use a vector-calculus identity to replace E-(V x B) with B-(Vx E)—V-(ExB),
and in this we replace V x E with —0B/0t, using Eq. (1.2.3). All of this gives us
1 OB OF

—7.E = —B.-— E-— V ExB
J ot T et (B x B)

0 /(1 1 1
= —|(-eE’+-—B?|+V-(—ExB).
Bt (260 + 2/.1/0 ) + Ho
We have arrived at an equation of the same form as Eq. (1.4.4), and this shows that
we do indeed have energy conservation as a consequence of Maxwell’s equations and

the Lorentz-force law.
The calculation also gives us definitions for the field’s energy density,

1
= e E?+ — B2 1.4.
€ 260 + 20 R ( 5)
and for the field’s energy flux (Poynting) vector,
1
= —F x B. (1.4.6)
Mo

It is an important consequence of Maxwell’s theory that the electromagnetic field
carries its own energy.

1.5 Conservation of momentum

[The material presented in this section is also covered in Sec. 6.7 of Jackson’s text.]
We should expect a statement of momentum conservation to take a form similar

to our previous statement of energy conservation. In that case we had a scalar

quantity e representing the density of energy, a vectorial quantity S, representing

the flux of energy, and the conservation statement took the form of

% + VoS, = work term.

We have introduced an explicit component notation for vectors, and summation

over a repeated index is understood.

For momentum conservation we will need a vectorial quantity €, to represent
the density of momentum, and a tensorial quantity T, to represent the flux of
momentum (one index for the momentum component, another index for the flux
direction). So let

go(t,x) = density of a-component of field momentum, (1.5.1)
—Tow(t,x)day = a-component of field momentum crossing
an element of surface da per unit time. (1.5.2)

The minus sign in front of T, is introduced by convention.

The statement of momentum conservation is (field momentum leaving V' per unit
time) = (field momentum crossing S per unit time) + (rate at which momentum is
communicated to the charges). Because a rate of change of momentum is a force,
we have the integral statement

d
——/ god’r = 7{ b dap + / fodz, (1.5.3)
dt Jy g
or the equivalent differential statement

Oe, ,
—%‘FVbTab:fa:pEa"‘(J X B),. (1.5.4)
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We now would like to derive this from Maxwell’s equations, and discover the iden-
tities of the vector £, and the tensor Ty.
We first use Egs. (1.2.1) and (1.2.4) to eliminate p and j from Eq. (1.5.4):

1 FE
f = (eOV-E)E+<—VxB—506—>xB
Ho ot

1 1
«(V-E)E+ —(V-B) B+ —(VxB)xB
Mo Ho

0 0B
_COE(E X B) +60E X E,

where to go from the first to the second line we have inserted a term involving
V - B = 0 and allowed the time derivative to operate on E x B. The next step is
to use Eq. (1.2.3) to replace B /0t with —V x E. Collecting terms, this gives

f= —egg(ExB)+eo[(V-E)E—Ex(VxE)] +i[(V-B)B—Bx(VxB)}.

To proceed we invoke the vector-calculus identity 2V (u-u) = (u-V)u+ux(V xu),
where u stands for any vector field. We use this to clean up the quantities within
square brackets. For example,
1
(V-E)E-Ex(VxE)=(V-E)E+(E-V)E - :V(E-E).

In components, the right-hand side reads

1 1
(VoEy)Ey + (Ey V) E, — ivaEz = E,ViEy + EyViE, — §5abeE2

1
Y (EaEb — iéabE2>.
Doing the same for the bracketed terms involving the magnetic field, we arrive at

o) 1 1 1
.= —e0—(E x B), E.Ey — 6 E* ) + — 2By — =0,,B? ).
T eoat( X )+60Vb< b 261, )+Movb<B By 25 ,,B)

This has the form of Eq. (1.5.4) and we conclude that momentum conservation does
indeed follow from Maxwell’s equations and the Lorentz-force law.
Our calculation also tells us that the field’s momentum density is given by

€o = €(E x B),, (1.5.5)

and that the field’s momentum flux tensor is

1 1 1
Twp = €0 (EaEb - —(SabE2> + — (BaBb - —6abB2) . (156)
2 Mo 2

Notice that the momentum density is proportional to the Poynting vector: € =
€opoS. This means that the field’s momentum points in the same direction as the
flow of energy, and that these quantities are related by a constant factor of €guyg.

1.6 Junction conditions
[The material presented in this section is also covered in Sec. I.5 of Jackson’s text.]

Maxwell’s equations determine how the electric and magnetic fields must be
joined at an interface. The interface might be just a mathematical boundary (in
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which case nothing special should happen), or it might support a surface layer
of charge and/or current. Our task in this section is to formulate these junction
conditions.

To begin, we keep things simple by supposing that the interface is the z-y plane
at z = 0 — a nice, flat surface. If the interface supports a charge distribution, then
the charge density must have the form

pt,x) = p1(t,2)8(z) + p—(t,2)0(—2) + o(t, z,y)d(2), (1.6.1)

where py is the charge density above the interface (in the region z > 0), p_ the
charge density below the interface (in the region z < 0), and ¢ is the surface density
of charge (charge per unit surface area) supported by the interface.

We have introduced the Heaviside step function 6(z), which is equal to 1 if
z > 0 and 0 otherwise, and the Dirac d-function, which is such that [ f(z)d(z) dz =
f(0) for any smooth function f(z). These distributions (also known as generalized
functions) are related by the identities

d d
aﬂ(z) = 4(2), %0(_2) = —4(2). (1.6.2)

As for any distributional identity, these relations can be established by integrating
both sides against a test function f(z). (Test functions are required to be smooth
and to fall off sufficiently rapidly as z — +00.) For example,

/00 dil(zz)f(z) dz = _/00 H(z)dfd—(zz) dz

—0o0 —00

and this shows that df(z)/dz is indeed distributionally equal to d(2). You can show
similarly that f(2)d(z) = f(0)d(z) and f(2)d'(2) = f(0)d'(z) — f'(0)d(2) are valid
distributional identities (a prime indicates differentiation with respect to z).

If the interface at z = 0 also supports a current distribution, then the current
density must have the form

3t @) = jy (t,2)0(2) + j- (1, 2)0(—2) + K (t,2,9)0(2), (1.6.3)

where jy is the current density above the interface, j_ the current density below
the interface, and K is the surface density of current (charge per unit time and unit
length) supported by the interface.

We now would like to determine how E and B behave across the interface. We
can express the fields as

E(tam) = E'+(t,a:)0(z) + E,(t,m)ﬁ(—z),
(1.6.4)
B(tam) = B.,.(t,m)@(z) +B—(t7m)0(_z)7

in an obvious notation; for example, E is the electric field above the interface. We
will see that these fields are solutions to Maxwell’s equations with sources given by
Egs. (1.6.1) and (1.6.3). To prove this we need simply substitute Eq. (1.6.4) into
Egs. (1.2.1)—(1.2.4). Differentiating the coefficients of 8(*z) is straightforward, but
we must also differentiate the step functions. For this we use Eq. (1.6.2) and write

Vo(£z) = +£6(2)2,
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where 2 is a unit vector that points in the z direction.
A straightforward calculation gives

V-E = (V-E,)b(z ( E_)0(=z) + 2 (B4 — E_)d(2),
VxE = (VxE+) (VxE)G( 2)+ 2 x (Ey — E_)(2),
V-B = (V-By)i(z ( B_)0(-z)+ £ (B4 — B_)d(2),
VxB = (VxB+) (VxB )6(—2) + 2 x (B; — B_)4(z).

Substituting Eq. (1.6.1) and the expression for V - E into the first of Maxwell’s
equations, V - E = p/eq, reveals that Ey is produced by py and that the surface
charge distribution creates a discontinuity in the normal component of the electric
field:
5 1
2-(By-E.)|,_, = o (1.6.5)
Substituting the expression for V- B into the second of Maxwell’s equations, V-B =
0, reveals that B satisfies this equation on both sides of the interface and that the
normal component of the magnetic field must be continuous:
2-(By—B)| _,=0. (1.6.6)
Substituting Eq. (1.6.4) and the expression for V x E into the third of Maxwell’s
equations, V x E = —90B/0t, reveals that Ey and By satisfy this equation on both
sides of the interface and that the tangential (z and y) components of the electric
must also be continuous:
x(Ey—E_)| _,=0. (1.6.7)
Finally, substituting Eqgs. (1.6.3), (1.6.4), and the expression for V x B into the
fourth of Maxwell’s equations, V x B = pgj + €ouoOE/0t, reveals that By is
produced by j+ and that the surface current creates a discontinuity in the tangential
components of the magnetic field:

2x (By—B.)| _, = mK. (1.6.8)

Equations (1.6.5)—(1.6.8) tell us how the fields Ey and By are to be joined at a
planar interface.

It is not difficult to generalize this discussion to an interface of arbitrary shape.
All that is required is to change the argument of the step and ¢ functions from z
to s(x), where s is the distance from the interface in the direction normal to the
interface; this is positive above the interface and negative below the interface. Then
Vs = n, the interface’s unit normal, replaces £ in the preceding equations. If E,
B_ are the fields just above the interface, and E_, B_ the fields just below the
interface, then the general junction conditions are

A (By—B) = %a, (1.6.9)
- (By—B_.) = 0, (1.6.10)
Aax (Ey—-E.) = 0, (1.6.11)
fAx (By—B_) = kK. (1.6.12)

Here, o is the surface charge density on the general interface, and K is the surface
current density. It is understood that the normal vector points from the minus side
to the plus side of the interface.
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1.7 Potentials

[The material presented in this section is also covered in Secs. 6.2 and 6.3 of Jack-
son’s text.]

The Maxwell equation V- B = 0 and the mathematical identity V-(V x A) =0
imply that the magnetic field can be expressed as the curl of a wvector potential
Alt,x):

B =V xA. (1.7.1)

Suppose that B is expressed in this form. Then the other inhomogeneous Maxwell
equation, V x E + 0B/0t = 0, can be cast in the form

0A

This, together with the mathematical identity V x (V®) = 0, imply that E+0A /0t
can be expressed as the divergence of a scalar potential ®(t,x):
0A
E = 5 Vo; (1.7.2)
the minus sign in front of V® is conventional.

Introducing the scalar and vector potentials eliminates two of the four Maxwell
equations. The remaining two equations will give us equations to be satisfied by the
potentials. Solving these is often much simpler than solving the original equations.
An issue that arises is whether the scalar and vector potentials are unique: While
FE and B can both be obtained uniquely from ® and A, is the converse true? The
answer is in the negative — the potentials are not unique.

Consider the following gauge transformation of the potentials:

_g5. 9f
T o Buey =B (1.7.3)
A 5 Apew=A+VS, (1.7.4)

in which f(t,«) is an arbitrary function of space and time. We wish to show that
this transformation leaves the fields unchanged:

E.w = E, Biew = B. (1.7.5)

This implies that the potentials are not unique: they can be redefined at will by a
gauge transformation. The new electric field is given by

0A

Enew = _a—;ew_vq)new
. d af
- —E(AJer)—V(@—E)
_ 0 of
= E 8tvf+vat’

the last two terms cancel out and we have established the invariance of the electric
field. On the other hand, the new magnetic field is given by

Bhew = V><14new

V x (A+ V)
= B+ V x (V)

the last term is identically zero and we have established the invariance of the mag-
netic field. We will use the gauge invariance of the electromagnetic field to simplify
the equations to be satisfied by the scalar and vector potentials.
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To derive these we start with Eq. (1.2.1) and cast it in the form

0A 0

1 _ o4 _ A o2
—eop—v E=V ( Bt V@)— —6tV A—-V*P,
o 0%® 0 od
1 _ 2
_Eop = €olo —6t2 AV« _6t (V A + €0 —at ) R (1.7.6)

where, for reasons that will become clear, we have added and subtracted a term
€opod?®/0t2. Similarly, we re-express Eq. (1.2.4) in terms of the potentials:

OF
j = B - —
HoJ V x €oto o
0 0A
= A) — —|(———-V®
VX(VX ) eouoat< ot v )
0%A o
= V(V-A)-V?A+ €oto 5 + €0toV 5

where we have used a vector-calculus identity to eliminate V x (V x A). We have

obtained )

0°A 9 0P
) = — —-V°A+V(V- A — 1.7.7
Hod = €oto . V°A + ( + €otto 6t>’ (L.7.7)
Equations (1.7.6) and (1.7.7) govern the behaviour of the potentials; they are equiv-
alent to the two Maxwell equations that remain after imposing Eqs. (1.7.1) and
(1.7.2).

These equations would be much simplified if we could demand that the potentials
satisfy the supplementary condition

V-A+€0M06—(I) =0. (1.7.8)
ot
This is known as the Lorenz gauge condition, and as we shall see below, it can
always be imposed by redefining the potentials according to Eqs. (1.7.3) and (1.7.4)
with a specific choice of function f(¢,z). When Eq. (1.7.8) holds we observe that
the equations for & and A decouple from one another, and that they both take the
form of a wave equation:

LD v )ae) = —So 1.7.9
—aep TV )Rt = et (1.7.9)
10 ) .
—apr TV )Atz) = —poj(t ), (1.7.10)
where .
= 1.7.11
©= Ve ( )

is the speed with which the waves propagate; this is numerically equal to the speed
of light in vacuum.

To see that the Lorenz gauge condition can always be imposed, imagine that
are we given potentials @9 and Agq that do not satisfy the gauge condition. We
know that we can transform them according to ®oq = ® = g — 0f/0t and
Agg &> A= Ayq+ V§f, and we ask whether it is possible to find a function f(t, )
such that the new potentials ® and A will satisfy Eq. (1.7.8). The answer is in the
affirmative: If Eq. (1.7.8) is true then

0
0 = V'A+€0/J/OE
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0 0
= V- (Aaa +Vf)+ €oto 5, (‘I’old - 8_{>
0% 0?
= V-Aga+eoto azld - GOMOa—tf + V2,

and we see that the Lorenz gauge condition is satisfied if f(¢,x) is a solution to the
wave equation
0Po1q

ot -

162 2\ _v.A
<_c_2ﬁ +V )f = —V - Aqd — €oto
Such an equation always admits a solution, and we conclude that the Lorenz gauge
condition can always be imposed. (Notice that we do not need to solve the wave
equation for f; all we need to know is that solutions exist.)

To summarize, we have found that the original set of four Maxwell equations for
the fields E and B can be reduced to the two wave equations (1.7.9) and (1.7.10) for
the potentials ® and A, supplemented by the Lorenz gauge condition of Eq. (1.7.8).
Once solutions to these equations have been found, the fields can be constructed
with Egs. (1.7.1) and (1.7.2). Introducing the potentials has therefore dramatically
reduced the complexity of the equations, and correspondingly increased the ease of
finding solutions.

In time-independent situations, the fields and potentials no longer depend on t,
and the foregoing equations reduce to

V20(x) = — L p(x), (1.7.12)
€0
V2 A@) = —poi(@), (1.7.13)

as well as E = —V® and B = V x A. The Lorenz gauge condition reduces to
V - A = 0 (also known as the Coulomb gauge condition), and the potentials now
satisfy Poisson’s equation.

1.8 Green’s function for Poisson’s equation

[The material presented in this section is also covered in Sec. 1.7 of Jackson’s text.]

We have seen in the preceding section that the task of solving Maxwell’s equa-
tions can be reduced to the simpler task of solving two wave equations. For time-
independent situations, the wave equation becomes Poisson’s equation. In this and
the next section we will develop some of the mathematical tools needed to solve
these equations.

We begin in this section with the mathematical problem of solving a generic
Poisson equation of the form

V2iy(x) = —4n f(z), (1.8.1)

where 9 () is the potential, f(x) a prescribed source function, and where a factor
of 47 was inserted for later convenience.

To construct the general solution to this equation we shall first find a Green’s
function G(x,x’) that satisfies a specialized form of Poisson’s equation:

V3G(z,2’') = —4né(x — =), (1.8.2)

where 6(x — ') is a three-dimensional Dirac é-function; the source point z’ is
arbitrary. It is easy to see that if we have such a Green’s function at our disposal,
then the general solution to Eq. (1.8.1) can be expressed as

(@) = o(z) + / Gz, ') (') &, (18.3)
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where () is a solution to the inhomogeneous (Laplace) equation,
VZo(z) = 0. (1.8.4)

This assertion is proved by substituting Eq. (1.8.3) into the left-hand side of Eq. (1.8.1),
and using Eqs. (1.8.2) and (1.8.4) to show that the result is indeed equal to —4x f ().

In Eq. (1.8.3), the role of the integral is to account for the source term in
Eq. (1.8.1). The role of () is to enforce boundary conditions that we might wish
to impose on the potential ¥ (x). In the absence of such boundary conditions, g
can simply be set equal to zero. Methods to solve boundary-value problems will be
introduced in the next chapter.

To construct the Green’s function we first argue that G(x,2’) can depend only
on the difference x — x’; this follows from the fact that the source term depends only
on z — ', and the requirement that the Green’s function must be invariant under
a translation of the coordinate system. We then express G(x,z’) as the Fourier
transform of a function G(k):

Gz, a') = ﬁ / Gk)e™ =) Pr, (1.8.5)

where k is a vector in reciprocal space; this expression incorporates our assumption
that G(x,2’) depends only on & — x’. Recalling that the three-dimensional §-
function can be represented as

é(xz—a') = (27103 / etk (@—=") B (1.8.6)

we see that Eq. (1.8.2) implies k2G(k) = 4, so that Eq. (1.8.6) becomes

A ezk-(m x)
Ga.a) = 5o / o k. (1.8.7)

We must now evaluate this integral.

To do this it is convenient to switch to spherical coordinates in reciprocal space,
defining a radius k¥ and angles 6 and ¢ by the relations k, = ksinfcos¢, ky, =
ksinfsing, and k. = kcosd. In these coordinates the volume element is d®k =
k? sin @ dkdfd¢. For convenience we orient the coordinate system so that the k.,
axis points in the direction of R = x — x’. We then have k - R = kR cosf, where
R = |R| is the length of the vector R. All this gives

27
Gz, z') = 2—2/ dk/ db depettFeosbging,

Integration over d¢ is trivial, and the 6 integral can easily be evaluated by using
1 = cos @ as an integration variable:

T 1 :
. ) 2sinkR
ikRcos @ _: ikR,
0do = Hdy = .
/0 ‘ o /_1 ‘ a kR

We now have

2 smkR sin
G@"”’“"):;/O i R/ gdf’

where we have switched to £ = kR. The remaining integral can easily be evaluated
by contour integration (or simply be looking it up in tables of integrals); it is equal
to m/2.
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Our final result is therefore

1 .
- |’

G(zx,z') = (1.8.8)

the Green’s function for Poisson’s equation is simply the reciprocal of the distance
between x and x’. The general solution to Poisson’s equation is then

P(x) = to(z) + / %d%’. (1.8.9)

The meaning of this equation is that apart from the term 1), the potential at x is
built by summing over source contributions from all relevant points «’ and dividing
by the distance between x and z’. Notice that in Eq. (1.8.8) we have recovered a
familiar result: the potential of a point charge at x’ goes like 1/R.

1.9 Green’s function for the wave equation

[The material presented in this section is also covered in Sec. 6.4 of Jackson’s text.]
We now turn to the mathematical problem of solving the wave equation,

Oy(t, x) = —4n f(t, x), (1.9.1)

for a time-dependent potential 1) produced by a prescribed source f; we have intro-
duced the wave, or d’Alembertian, differential operator

1 9
Dz—ngrV?. (1.9.2)

For this purpose we seek a Green’s function G(t, x;t',2’) that satisfies
OG(t,z;t, ') = —4nd(t — t')d(x — x’). (1.9.3)

In terms of this the general solution to Eq. (1.9.2) can be expressed as

Y(t, x) = Po(t, ) +//G(t,m;t',w')f(t',m') dt'd®z’, (1.9.4)
where 1o(¢, ) is a solution to the homogeneous wave equation,
Oyo(t, ) = 0. (1.9.5)

That the potential of Eq. (1.9.4) does indeed solve Eq. (1.9.1) can be verified by
direct substitution.
To construct the Green’s function we Fourier transform it with respect to time,

1 ~ . /
G(t,z;t',x") = T/G(w;w,m')e”w(t’t)dw, (1.9.6)
T
and we represent the time é-function as
1 . /
5t —1) = o / e—i(t—t') g, (1.9.7)

Substituting these expressions into Eq. (1.9.3) yields
[VZ + (w/e)?]G(w;z,2') = —47é(z — 2'), (1.9.8)

which is a generalized form of Eq. (1.8.2). From this comparison we learn that

G0z, z') =1/|xz — 2’|
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At this stage we might proceed as in Sec. 1.8 and Fourier transform G(w; z, ')
with respect to the spatial variables. This would eventually lead to

zk(a: ')
G(w;z,z') /k2 CIBE dk,

which is a generalized form of Eq. (1 8.7). This integral, however, is not defined,
because of the singularity at k? = (w/c)?. We shall therefore reject this method of
solution. (There are ways of regularizing the integral so as to obtain a meaningful
answer. One method involves deforming the contour of the w integration so as to
avoid the poles. This is described in Sec. 12.11 of Jackson’s text.)

We can anticipate that for w # 0, G will be of the form

9(w, |z — 2|)
|z — 2|

Gw;z,z’) = , (1.9.9)
with g representing a function that stays nonsingular when the second argument,
R = |x — 2’|, approaches zero. That G should depend on the spatial variables
through R only can be motivated on the grounds that three-dimensional space is
both homogeneous (so that G' can only depend on the vector R = x — ') and
isotropic (so that only the length of the vector matters, and not its direction). That
G should behave as 1 /R when R is small is justified by the following discussion.

Take Eq. (1.9.8) and integrate both sides over a sphere of small radius & centered
at &’. Since V2G = V - VG, we can use Gauss’ theorem to get

j{ (VG- R)da + (w/c)? GdPx = —4r

R<e

where R = R/R. In this equation, the volume integral is of order Ge3 and it
contributes nothing in the limit € — 0, unless G happens to be as singular as 1/&3.
The surface integral, on the other hand, is equal to

dre? E

R=¢

If G were to behave as 1/e?, then dG'/dR would be of order 1/&*, the surface integral
would contribute a term of order 1/¢2, and the left-hand side would never give rise
to the required —47. So we conclude that G cannot be so singular, and that the left-
hand side is dominated by the surface integral. This implies that G must be of order
1/, as was expressed by Eq. (1.9.9). Setting G = g/R returns —4ng(w,e) + O(e)
for the surface integral, and this gives us the condition

9(w,0) = 1. (1.9.10)

We also recall that g(0, R) = 1.

We may now safely take R # 0 and substitute Eq. (1.9.9) into Eq. (1.9.8), taking
its right-hand side to be zero. Since G depends on only through R, the Laplacian
operator becomes

Vs ——R*—.
Acting with this on G' = g/R yields g" /R and Eq. (1.9.8) becomes
"+ (w/e)’g =0, (1.9.11)

with a prime indicating differentiation with respect to R. With the boundary con-
dition of Eq. (1.9.10), two possible solutions to this equation are

g+ (w, R) = T @/E, (1.9.12)



16 Maxwell’s electrodynamics

Substituting this into Eq. (1.9.9), and that into Eq. (1.9.6), we obtain
1 e:l:i(w/c)R i , 1 ) ,
—iw(t—t") — —iw(t—t'FR/c)
Gi(t,z;t,x') = 27r/ 7 ¢ dw 27rR/e dw,

or
§(t—t' F |z —a'l/c)
|z — 2’| '

Gi(t,z;t',x') = (1.9.13)
These are the two fundamental solutions to Eq. (1.9.3). The function G4 (¢, x; ¢, '),
which is nonzero when t — ¢’ = +R/c, is known as the retarded Green’s function;
the function G_ (¢, z;t',2’), which is nonzero when t —t' = —R/c, is known as the
advanced Green’s function.

Substituting the Green’s functions into Eq. (1.9.4) gives

i (t,x) = o(t, ) // (t-tFle- m’l/c)f(t',w')dt'd%'.

| — 2|

The time integration can be immediately carried out, and we obtain

(t% |z - ')/, ')
@~ /|

Y1 (t, ) = bo(t, ) + 3z’ (1.9.14)
for the fundamental solutions to the wave equation. Except for the shifted time
dependence, Eq. (1.9.14) looks very similar to Eq. (1.8.9), which gives the general
solution to Poisson’s equation. The time translation, however, is very important.
It means that the potential at time ¢ depends on the conditions at the source at a
shifted time

t'=tF|x—2x|/c

The second term on the right-hand side is the time required by light to travel the
distance between the source point x’ and the field point ; it encodes the property
that information about the source travels to  at the speed of light. The “+”
solution, ¢4 (t, ), depends on the behaviour of the source at an earlier timet— R/c
— there is a delay between the time the information leaves the source and the time
it reaches the observer. This solution to the wave equation is known as the retarded
solution, and it properly enforces causality: the cause (source) precedes the effect
(potential). On the other hand, ¢_ (¢, z) depends on the behaviour of the source at
a later time t + R/c; here the behaviour is anti-causal, and this unphysical solution
to the wave equation is known as the advanced solution.

Although both solutions to the wave equation are mathematically acceptable,
causality clearly dictates that we should adopt the retarded solution 4 (¢, z) as the
only physically acceptable solution. So we take

W(t,x) = ho(t, z) /f (t-lz—2l/e2") o (1.9.15)

|z — 2|
to be the solution to the wave equation (1.9.1). Recall that ¢y (¢, x) is a solution to
the homogeneous equation, Oy = 0.
1.10 Summary

The scalar potential & and the vector potential A satisfy the wave equations

1 62 1
(- 25 + 7 2ee) =~ Zott.2) (1.10.1)
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and
—la—2+v2 A(t,x) = —poj(t, ) (1.10.2)
2 Ot2 ’ = — ko] (1, =Y.
when the Lorenz gauge condition
109
A+ S — = 1.10.
V-A+ 2o 0 (1.10.3)

is imposed. The speed of propagation of the waves, ¢ = 1/,/€ofig, is numerically
equal to the speed of light in vacuum.
The retarded solutions to the wave equations are

1 p(t—|.1:—:1:'|/c,:1:') 3 1
P(t = Py(t d 1.10.4
(t2) = Bolt,z) + - [ FE =0 (1.10.4)

and
t—|z —a'|/c,z)

|z — ']

Am@:mmw+£/ﬂ

In static situations, the time dependence of the sources and potentials can be
dropped.

Once the scalar and vector potentials have been obtained, the electric and mag-
netic fields are recovered by straightforward differential operations:

. (1.10.5)

E=-7--V® B=VxA (1.10.6)

This efficient reformulation of the equations of electrodynamics is completely equiva-
lent to the original presentation of Maxwell’s equations. It will be the starting point
of most of our subsequent investigations.

1.11 Problems

1. We have seen that the charge density of a point charge ¢ located at r(t) is
given by
p(x) = ¢d(z —r(t)),
and that its current density is

i(x) = qu(t)d(z —r(t)),

where v = dr/dt is the charge’s velocity. Prove that p and j satisfy the
statement of local charge conservation,

Op .

—+V-j5=0.

at TV

2. In this problem we explore the formulation of electrodynamics in the Coulomb

gauge, an alternative to the Lorenz gauge adopted in the text. The Coulomb
gauge is especially useful in the formulation of a quantum theory of electro-
dynamics.

a) Prove that the Coulomb gauge condition, V-A = 0, can always be imposed
on the vector potential. Then show that in this gauge, the scalar potential

satisfies Poisson’s equation, V2® = —p/eq, so that it can be expressed as
1 P(t, ZB') 3
d(t,x) = LA A A
(t,2) 4meg / |z — 2|

Show also that the vector potential satisfies the wave equation

. o
UA = —pog + €0M0V§-
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b) Define the “longitudinal current” by

1 g ’
i) = [T AT gy

|z — |

and show that this satisfies V x 51 = 0. Then prove that the wave
equation for the vector potential can be rewritten as A = —pugjs, where
Jt = J — 51 is the “transverse current”.

c) Prove that the transverse current can also be defined by

. _ 1 j(taw,) 3./
Ji(t,z) = -V x (Vx/Wd )
and that it satisfies V - 3, = 0.

d) The labels “longitudinal” and “transverse” can be made more meaningful
by formulating the results of part b) and ¢) in reciprocal space instead of
ordinary space. For this purpose, introduce the Fourier transform j(t, k)
of the current density, such that

jt,x) = / j(t, k)e*® d®k.

1
(2m)?
Then prove that the Fourier transform of the longitudinal current is

where B = k/|k| is a unit vector aligned with the reciprocal position
vector k; thus, the longitudinal current has a component in the direction
of k only. Similarly, prove that the Fourier transform of the transverse
current is

jt(ta k) = [k X J(tak)] X k;

thus, the transverse current has components in the directions orthogo-
nal to k only. For a concrete illustration, assume that k points in the
direction of the z axis. Then show that ji = j.£2 and j; = j.& + j,U-

3. Prove that

1

is a solution to

d2
(@ + k2) G(z,r') = 6(z — '),
where k is a constant. This shows that G(z,2') is a Green’s function for the
inhomogeneous Helmholtz equation in one dimension, (d?/dz? + k?)¢(z) =
f(z), where © is the potential and f the source.

4. The differential equation

x5,

el +w'z = f(t)
governs the motion of a simple harmonic oscillator of unit mass and natural
frequency w driven by an arbitrary external force f(¢). It is supposed that
the force starts acting at ¢ = 0, and that prior to ¢ = 0 the oscillator was at
rest, so that x£(0) = £(0) = 0, with an overdot indicating differentiation with
respect to t.
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Find the retarded Green’s function G(t,t') for this differential equation, which
must be a solution to

s +w?G=48(t—1t)

dt? B '
Then find the solution z(t) to the differential equation (in the form of an
integral) that satisfies the stated initial conditions.

Check your results by verifying that if f(t) = 6(t) cos(wt), so that the oscillator
is driven at resonance, then z(t) = (2w)~!tsinwt.

5. In this problem (adapted from Jackson’s problem 6.1) we construct solutions
to the inhomogeneous wave equation (i) = —4x f in a few simple situations.
A particular solution to this equation is

bt @) = / Gt ;@) f(t ') di o,

where
0t—t' —|x—=a'|/c)

ol el —
G(t7m7t7m)_ |w_w,|

is the retarded Green’s function.

a) Take the source of the wave to be a momentary point source, described
by f(t',x’) = 6(x")d(y")d(2")6(¢'). Show that the solution to the wave
equation in this case is given by

d(t—r/c)

t =17
’d}(”rl’.’y’z) r )

where 7 = /22 + y2 + 22. The wave is therefore a concentrated wave-
front expanding outward at the speed of light.

b) Now take the source of the wave to be a line source described by f(¢',2’) =
8(z")6(y")6(t"). (Notice that this also describes a point source in a space
of two dimensions.) Show that the solution to the wave equation in this

case is given by
_ 2c0(t — p/c)

Viet)? = p?’

where p = /22 + y2 and 6(s) is the Heaviside step function. Notice that
the wave is no longer well localized, but that the wavefront still travels
outward at the speed of light.

Y(t,z,y)

c) Finally, take the source to be a sheet source described by f(¥,z’) =
d(z")6(t'). (Notice that this also describes a point source in a space
of a single dimension.) Show that the solution to the wave equation in
this case is given by

Y(t, x) = 27t — |z|/c).

Notice that apart from a sharp cutoff at |z| = ct, the wave is now com-
pletely uniform.
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CHAPTER 2
ELECTROSTATICS

2.1 Equations of electrostatics

For time-independent situations, the equations of electromagnetism decouple into
a set of equations for the electric field alone — electrostatics — and another set for
the magnetic field alone — magnetostatics. The equations of magnetostatics will
be considered in Chapter 3. The topic of this chapter is electrostatics.

The equations of electrostatics are Poisson’s equation for the scalar potential,

V20(z) = - p(a), (2.1.1)
€0

and the relation between potential and field,
E=-Vo. (2.1.2)

The general solution to Poisson’s equation is

_ 1 pa’) 3
&(x) = Do(x) + Ire | Te—a &’z (2.1.3)

where ®o(x) satisfies Laplace’s equation,
V2®¢(z) = 0. (2.1.4)

The role of ®g(x) is to enforce boundary conditions that we might wish to impose
on the scalar potential.

2.2 Point charge

The simplest situation involves a point charge ¢ located at a fixed point b. The
charge density is
p(x) = qé(z — b), (2.21)

and in the absence of boundaries, Eq. (2.1.3) gives

1 q
® = . 2.2.2
(@) 4meg |z — b| ( )

To compute the electric field we first calculate the gradient of R = |z — b|, the
distance between the field point  and the charge. We have R?> = (z — b,)? +
(y — by)? + (z — b,)? and differentiating both sides with respect to, say, = gives
2ROR/0x = 2(x — b,), or OR/Ox = (x — by)/R. Derivatives of R with respect

21
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e +(¢

P

x ® 74
Figure 2.1: Geometry of a dipole.

to y and z can be computed in a similar way, and we have established the useful
vectorial relation

V|z - b| = Iz - ZI' (2.2.3)
Notice that VR is a unit vector that points in the direction of R = x — b.
The calculation of the electric field involves VR™! = —R™2VR, or
Vi i o= |Z_ :|3. (2.2.4)
This gives
Ba)= -1 ©=b (2.2.5)

~ dreg |z — BP°

The electric field goes as ¢/ R? and points in the direction of the vector R = z — b.
This well-known result is known as Coulomb’s law.

2.3 Dipole

Another elementary situation is that of two equal charges, one positive, the other
negative, separated by a distance d = 2¢. We align the charges along the direction
of the unit vector p, and place the origin of the coordinate system at the middle
point; see Fig. 2.1.

The charge density of this distribution is given by

p(x) = qé(x — ep) — qd(x + ), (2.3.1)
and the potential is
q 1 1
P = — . 2.3.2
(@) 4meg <|w —ep| |+ 6ﬁ|> ( )

This is an exact expression. We can simplify it if we take the observation point
to be at a large distance away from the dipole,

r=|z|>e. (2.3.3)
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We can then approximate

zFep| = V(zFed) - (xFep)
= Vr2F2p-x+e?
= r[l Fep-x/r’+ 0(62/7‘2)],

or

1 1[ o 2 27,2
——=—|(1xep-x/r*+0(/r }
e Fep| r / (e%/r%)

Keeping terms of order € only, the potential becomes

The vector p = 2¢gep is the dipole moment of the charge distribution. In general,
for a collection of several charges, this is defined as

P=) qaTa, (2.3.4)
A

where x 4 is the position vector of the charge g4. In the present situation the
definition implies p = (+q)(eP) + (—q)(—eP) = 2¢eP, as was stated previously. The
potential of a dipole is then

1 p-zx
dmeg T3

d(z) = : (2.3.5)

when r satisfies Eq. (2.3.3). It should be noticed that here, the potential falls off as
1/r?, faster than in the case of a single point charge. This has to do with the fact
that here, the charge distribution has a vanishing total charge.

It is instructive to rederive this result by directly expanding the charge density
in powers of e. For any function f of a vector  we have f(x +ep) = f(x) +ep -
V f(z) + O(e?), and we can extend this result to Dirac’s distribution:

S(x +ep) = 0(x) £ep- Vé(z) + O(e).
The charge density of Eq. (2.3.1) then becomes p(x) = —2¢ep - Vi(x) + O(g?), or
p(x) = —p-Vi(z). (2.3.6)

This is the charge density of a point dipole.
Substituting this into Eq. (2.1.3) and setting ®¢ = 0 yields

b [ Vib@)
dmeg | |z — '

d(x) = —

where summation over the vectorial index a is understood. The standard procedure
when dealing with derivatives of a d-function is to integrate by parts. The integral

is then
—/a(w'v' il =~ /5 Je 30 = _Ta
:I:—:B'|3 7.3’

and we have recovered Eq. (2.3.5). Notice that in these manipulations we have
inserted a result analogous to Eq. (2.2.4); the minus sign does not appear because
we are now differentiating with respect to the primed variables.
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n

Figure 2.2: An inner boundary Sj, on which & is specified, an outer boundary
Sous on which @ is specified, and the region V in between that contains a charge
distribution p. The outward unit normal to both boundaries is denoted 7.

From the potential of Eq. (2.3.5) we can calculate the electric field of a point
dipole. Taking a derivative with respect to x gives

1 [wp-m) _3(p-a)
r3 T4

V@ =
¢ 4A1req

er].

We have V,(p - ) = p, and according to Eq. (2.2.3), Vyr = z/r. So

v, ® 1 [pz 3(p-w)w]7

47eg | r3 rd

and a similar calculation can be carried out for the y and z components of V&.
Introducing the unit vector

F=xfr=(z/r,y/r,z]T), (2.3.7)

we find that the electric field is given by

E(z) = 1 3(p-r”)1"—p‘

=i 3 (2.3.8)

This is an ezact expression for the electric field of a point dipole, for which the
charge density is given by Eq. (2.3.6). For a physical dipole of finite size, this
expression is only an approzimation of the actual electric field; the approximation
is good for r > €.

2.4 Boundary-value problems: Green’s theorem

[The material presented in this section is also covered in Secs. 1.8 and 1.10 of
Jackson’s text.]

After the warmup exercise of the preceding two sections we are ready to face
the more serious challenge of solving boundary-value problems. A typical situation
in electrostatics features a charge distribution p(x) between two boundaries on
which the potential ®(x) is specified (see Fig. 2.2) — the potential is then said to
satisfy Dirichlet boundary conditions. A concrete situation might involve an inner
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Figure 2.3: The union of the inner boundary Sj,, the outer boundary Sy, and the
narrow “channel” between them forms a closed surface S that encloses the region
V.

boundary S;, that is also a grounded conducting surface (on which ® = 0) and
an outer boundary Syy¢ that is pushed to infinity (so that & = 0 there also). We
would like to derive an expression for ®(x) in the region between the boundaries;
this should account for both the charge density and the boundary data. To arrive
at this expression we will need to introduce a new type of Green’s function, which
we will call a Dirichlet Green’s function and denote Gp(x, x'); its properties will be
identified along the way. To get there we will make use of Green’s identity, which
is essentially an application of Gauss’ theorem.
Gauss’ theorem states that for a volume V enclosed by a surface S,

/V-bd%:j{b-da,
\%4 S

where b is any vector field defined within V and da is an outward surface element
on S. The theorem, as stated, says nothing about a region V bounded by two
boundaries Si, and Syus, the situation that interests us. But we can make our
situation fit the formulation of the theorem by digging a narrow “channel” from
Sout t0 Sin, as depicted in Fig. 2.3. The union of Si,, Sout, and the channel is a
closed surface, and integrating b over both sides of the channel produces a zero
result because da points in opposite directions. We therefore have

/V-bd3m=/
v s

and noting the opposite orientations of da and 7 on Sj, (see Fig. 2.3), we write this

as
/V-bd3.z' = / b-’flda—/ b - nda
14 Sout Sin
b

/ - fida.
Sout—>Sin

It is important to notice that the unit vector 7 points out of both Si,, and Soy¢-
We now choose the vector b to be

b= ¢V -9V,

b-da+/ b-da,
Sin

out
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where ¢(z) and 9 (z) are two arbitrary functions. We have V - b = ¢V?¢p — pV2¢
and Gauss’ theorem gives

/ (¢VZ —ypV?¢) Pz = / (¢VY —pV ¢) - Ada. (2.4.1)
v Sout—Sin
This is Green’s identity. For convenience we write it in the equivalent form
[ @vro-vvrges = [ (6w -uvg)-nad,
v Sout—Sin

where all fields are now expressed in terms of the new variables z’.
We now pick
¢(x’) = ®(x’) = scalar potential

and
(x') = Gp(x, z") = Dirichlet Green’s function,

where the properties of the “Dirichlet Green’s function” will be described in detail
below. For now we assume that it satisfies the equation

V?2Gp(z,2') = —4nd(x — '), (2.4.2)

while the scalar potential satisfies Poisson’s equation, V2®(z’) = —p(z’) /0. Mak-
ing these substitutions in the equation following Eq. (2.4.1) leads to

—47r<I>(:B)+% /V Go(z,2')p(z') d*s’ = /S [2(")V'Cn (. 2')

out —Sin

—GD(:I:,:I:')V'@(:I:')] -fda’,

or
d(x) = ! /G (x,z")p(x’) d*z'
dreg Jy PN
_ % ¥(2')V'Gr (x,a') - Go(x,2)V'B(a’)| - #'dd.
Sout_Sin

Apart from a remaining simplification, this is the kind of expression we were seeking.
The volume integral takes care of the charge distribution within V', and the two
surface integrals take care of the boundary conditions. But there is one problem:
While the value of the scalar potential is specified on the boundaries, so that the
functions ®(x’) are known inside the surface integrals, we are given no information
about 7t - V/®(x’), its normal derivative, which also appears within the surface
integrals. It is not clear, therefore, how we might go about evaluating these integrals:
the problem does not seem to be well posed.

To sidestep this problem we demand that the Dirichlet Green’s function satisfy
the condition

Gp(z,z') =0 when &’ is on the boundaries. (2.4.3)

Then the boundary terms involving 7 - V/®(x’) simply go away, because they are
multiplied by Gp (x,x’) which vanishes on the boundaries. With this property we
arrive at

o(x) = 1 /GD(m,m’)p(az’)d3w’
4dmeo Jy
1
- — d(z')n - V'Gp(x,z')da'. (2.4.4)
AT J S~ Sin
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This is our final expression for the scalar potential in the region V. The problem
of finding this potential has been reduced to that of finding a Dirichlet Green’s
function that satisfies Eqgs. (2.4.2) and (2.4.3). Notice that this is a specialized form
of our original problem: Gp(z,x’) is the potential produced by a point charge of
strength 4meg located at x, and its boundary values on S;, and Sy, are zero. If we
can solve this problem and obtain the Dirichlet Green’s function, then Eq. (2.4.4)
gives us the means to calculate ®(x) in very general circumstances.

We already know that Gp(x, x’) satisfies Eq. (2.4.2) and vanishes when x’ lies
on S, and Soyuy. We now use Green’s identity to show that the Dirichlet Green’s
function is symmetric in its arguments:

Gp(z’',z) = Gp(z,z’). (2.4.5)

This implies that it is also a solution to the standard equation satisfied by a Green’s
function,
V2Gp(z,z') = —4né(x — '), (2.4.6)

which is identical to Eq. (1.8.2). To establish Eq. (2.4.5) we take y to be the
integration variables in Green’s identity,

[ @V oVt du= [ (@90~ 9,0) - hday,
\4 Sout —Sin
and we pick ¢(y) = Gp(x,y) and ¥ (y) = Gp(x’,y). Then according to Eq. (2.4.2)
we have V3¢ = —4md(x — y) and V29 = —4nd(z’ — y). The left-hand side of
Green’s identity gives —4n[Gp(x,x’) — Gp(x’, z)] after integration over d®y. The
right-hand side, on the other hand, gives zero because both ¢ and 1 are zero when
y is on Sy, and Syy¢- This produces Eq. (2.4.5).
To summarize, we have found that the Dirichlet Green’s function satisfies Eq. (2.4.6),

V2Gp(z,x') = —4né(x — '),
possesses the symmetry property of Eq. (2.4.5),
Gp(z',z) = Gp(z,x’),
and satisfies the boundary conditions of Eq. (2.4.3),
Gp(z,z') =0 when x or @’ is on the boundaries.

Notice that the boundary conditions have been generalized in accordance to Eq. (2.4.5):
the Dirichlet Green’s function vanishes whenever & or x’ happens to lie on the
boundaries. Once the Dirichlet Green’s function has been found, the potential
produced by a charge distribution p(x) in a region V between two boundaries S;,
and Soyuy on which ®(x) is specified can be obtained by evaluating the integrals
of Eq. (2.4.4). The task of finding a suitable Dirichlet Green’s function can only
be completed once the boundaries Si, and Sy are fully specified; the form of the
Green’s function will depend on the shapes and locations of these boundaries. In
the absence of boundaries, Gp(x, ') reduces to the Green’s function constructed
in Sec. 1.8, G(z,z’) = |z — z'| 7 .

In the following sections we will consider a restricted class of boundary-value
problems, for which

e there is only an inner boundary Sj, (Sous is pushed to infinity and does not
need to be considered);

e the inner boundary is spherical (Si, is described by the statement |z’| = R,
where R is the surface’s radius);
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e the inner boundary is the surface of a grounded conductor (@ vanishes on

Sin)-
With these restrictions (introduced only for simplicity), Eq. (2.4.4) reduces to
1
&(x) = / Gp(z,z")p(z’) d*x'. (2.4.7)
471'60 |2'|>R

In these situations, the electric field vanishes inside the conductor and there is an
induced distribution of charge on the surface. The surface charge density is given
by Eq. (1.6.9),

oc=¢kFE-n, (2.4.8)
where F is the electric field just above Sin. This is given by E = —V®(|z| = R). To
proceed we will need to find a concrete expression for the Dirichlet Green’s function.

For the spherical boundary considered here, this is done by solving Eq. (2.4.6) in
spherical coordinates.

2.5 Laplace’s equation in spherical coordinates

[The material presented in this section is also covered in Secs. 3.1, 3.2, and 3.5 of
Jackson’s text.]

When formulated in spherical coordinates (r,8, ¢), Laplace’s equation takes the
form

2 _i£<28_¢) 1 ( 3¢> 1w
Vi = "or ) T mmeoa\""%0 ) T mameaer — - (20

To solve this equation we separate the variables according to

¥(r,0,9) = R(r)Y (9,9), (25.2)
and we obtain the decoupled equations
d [ ,dRY

and

5 —6(L+1)Y, (2.5.4)

where £(£ 4+ 1) is a separation constant.

The solutions to the angular equation (2.5.4) are the spherical harmonics Yy, (6, ¢),
which are labeled by the two integers ¢ and m. While £ ranges from zero to infinity,
m is limited to the values —¢,—¢+1,- —1,¢. For m > 0,

Yem(6,9) =1/ 26+ 11/ ™ (cos 8)et™?, (2.5.5)

where Pj"(cos#) are the associated Legendre polynomials. For m < 0 we use

1o vy, 1 &Y _
sin § 06 sin?f 0¢2

Yom = (=1)"Y_ 5 (2.5.6)

where an asterisk indicates complex conjugation. Particular spherical harmonics
are

1
YE)O = —/E )
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Vi1, = —y/— sinfe®?,
Yio = — coséb,
Yoo =

Yoo = —

15

7T

15

7T

1 /5
Yoo = =4/— 20 -1).
20 5 47T(30050 )

Two fundamental properties of the spherical harmonics are that they are orthonor-
mal functions, and that they form a complete set of functions of the angles § and
¢. The statement of orthonormality is

/ Vi (6, 8) Ve (6, 9) d = Sy S (2.5.7)

where d) = sin 8 dfd¢ is an element of solid angle. The statement of completeness
is that any function f(6, ¢) can be represented as a sum over spherical harmonics:

J4

A=>>" fimYem(0,9) (2.5.8)

=0 m=—¢

for some coefficients fgn,. By virtue of Eq. (2.5.7), these can in fact be calculated
as

fom = / F(8,6)Y,50 (8, 6) 9. (25.9)

Equation (2.5.8) means that the spherical harmonics form a complete set of basis
functions on the sphere.

It is interesting to see what happens when Eq. (2.5.9) is substituted into Eq. (2.5.8).
To avoid confusion we change the variables of integration to §' and ¢':

2 Yen(6:9) [ 1@.)¥5. 0.0 de

£(6,9)

/f @) [ S Yinl0,)Yi(0,6)] .

The quantity within the large square brackets is such that when it is multiplied
by f(0',¢") and integrated over the primed angles, it returns f(6,¢). This must
therefore be a product of two d-functions, one for # and the other for ¢. More
precisely stated,

oo £ ' '

S Y Vi) in(o.9) = LTI E) 9500

— ~, sin 6
where the factor of 1/sinf was inserted to compensate for the factor of siné’ in
dQY (the d-function is enforcing the condition 8’ = §). Equation (2.5.10) is known
as the completeness relation for the spherical harmonics. This is analogous to a
well-known identity,

J () (oo
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in which the integral over dk replaces the discrete summation over £ and m; the
basis functions (2)~/2e?** are then analogous to the spherical harmonics.

The solutions to the radial equation (2.5.3) are power laws, R o rf or R o
r~(#+1) The general solution is

R (7) = agmrt + bgmr =Y, (2.5.11)

where ay,,, and by, are constants.
The general solution to Laplace’s equation is obtained by combining Egs. (2.5.2),
(2.5.5), (2.5.11) and summing over all possible values of £ and m:

oo

P00 =3 Y (aumr + binr= D) Vi 6,6) (2512)

{=0 m=—{¢

The coefficients ay,;, and by, are determined by the boundary conditions imposed
on ¢(r,0, ). If, for example, 9 is to be well behaved at r = 0, then by, = 0. If, on
the other hand, v is to vanish at r = o0, then ag,, = 0. From these observations
we deduce that the only solution to Laplace’s equation that is well behaved at the
origin and vanishes at infinity is the trivial solution ¢ = 0.

2.6 Green’s function in the absence of boundaries

[The material presented in this section is also covered in Secs. 3.6, and 3.9 of Jack-
son’s text.]

Keeping in mind that our ultimate goal is to obtain the Dirichlet Green’s function
Gp(x,x’) for a spherical inner boundary, in this section we attempt something
simpler and solve

V3G (x, ') = —4né(x — z') (2.6.1)

in the absence of boundaries. We already know the answer: In Sec. 1.8 we found

that
1

|z — |’

G(z,z') = (2.6.2)

We will obtain an alternative expression for this, one that can be generalized to
account for the presence of spherical boundaries.
The d-function on the right-hand side of Eq. (2.6.1) can be represented as

(r—1r") 6(6 = 0")é(¢ — ¢')

r2 sin

= Z}Qm 0,0 Yer (6, 9), (2.6.3)

x—2x') =

where we have involved Eq. (2.5.10). The factor of 1/(r?sin) was inserted be-
cause in spherical coordinates, the volume element is d®2 = r2 sin 6 drdfd¢, and the
Jacobian factor of r? sin # must be compensated for. We then have, for example,

/f Sz —z')d®x

= /f r,0 ¢ )96 =656 =9 sin 6 drdfdé

sin @

f&)

= / f(r,0,0)8(r —r")6(0 —6")(p — ¢') drdfde
f(rl7 0’7 ¢I)5
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as we should.
Inspired by Eq. (2.6.3) we expand the Green’s function as

G(il:, ml) = Zglm(ra rl)Yétn (01’ ¢I)Y€m (05 ¢)a (2'6'4)

m

using the spherical harmonics Yz, (6, ¢) for angular functions and gg, (r, 7)Y, (0', ¢')
for radial functions. For convenience we have made the “radial function” depend
on z’ through the variables 7', §', and ¢'; these are treated as constant parameters
when substituting G(z,z’) into Eq. (2.6.1). Applying the Laplacian operator of
Eq. (2.5.1) on the Green’s function yields

1d dgem (+1 .
V2G(m7 a:,) = Z |:'r_2$ (7‘2 flf‘ ) — ( 2 )glm:| nm(017 ¢I)}flm(07 ¢)7
m

and setting this equal to —47d(x — x’) as expressed in Eq. (2.6.3) produces an
ordinary differential equation for ge, (r,r'):

i 2dglfm _ _ .
o (r - ) L+ 1)gem = —4mé(r —1'). (2.6.5)

This equation implies that the radial function depends only on ¢, and not on m:
gem(r, ') = go(r,r"). To simplify the notation we will now omit the label “¢” on
the radial function.

To solve Eq. (2.6.5) we first observe that when 7 # 7/, the right-hand side of the
equation is zero and g is a solution to Eq. (2.5.3). We let g« (r,7') be the solution to
the left of 7' (for r < r') and g~ (r,7') be the solution to the right of ' (for r > r').
We then assume that g(r,7’) can be obtained by joining the solutions at r = r':

g(r,r') = g<(r,m")0(" — 1) + g5 (r,7)0(r — 1), (2.6.6)

where 8(r' —r) and 6(r — r') are step functions. Differentiating this equation with
respect to r gives

gl(ra rl) = gl<(ra rl)g(rl - ’f‘) + g'>(r, 7-')9(7- - rl) + [g>(rlalrl) - g<(r',r')]5(r - TI))

where a prime on ¢ indicates differentiation. We have involved the distributional
identities 6'(r — ') = 6(r — 7"), 0'(+' — 1) = =6(r — 7'), and f(r)o(r — ') =
f(r")d(r —r'); these were first encountered in Sec. 1.6. Multiplying by r? yields

r2g'(r,r') = rigl(r,r")0(r' —r) +r2gL (r,7")0(r — ')
+ 72 [gs(r',r") — g< (', 7)]6(r — 1)
and taking another derivative brings
(g (r,e)] = [rPgl(r,r)]'0G" =) + [rPgL (r,r)] 00 — 1)
F12 [0l () = gL 1)
+1r%[gs(r', ') = g<(r',7")
Substituting this and Eq. (2.6.6) back into Eq. (2.6.5), we obtain

—dnd(r =) = [%<T2CZJ—:)—E(£+1)g<]0(r'—r)

+ [dir (rzdc'lg—:) — L+ 1)9>] o(r —r')

+ ' [%(r',r') - (Z)—:(r',r')]é(r —r')

d
+ 1" [g>(r',r') - g<(r',r')] J(S(r —r').
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For the right-hand side to match the left-hand side we must demand that g (r,r')
and g~ (r,7") be solutions to the homogeneous version of Eq. (2.6.5), as was already
understood, and that these solutions be matched according to

g>(r',r') —g<(r';r") =0 (2.6.7)

and i p 4
%(r' r') — C'lq: (r',r") = 777;
The function g(r,r') is therefore continuous at r = 7/, but its first derivative must
be discontinuous to account for the d-function on the right-hand side of Eq. (2.6.5).
Because g« is a solution to Eq. (2.5.3), according to Eq. (2.5.11) it must be a
linear combination of terms proportional to r¢ and 1/r¢+1. But only the first term
is well behaved at r = 0, and we set

(2.6.8)

9<(r,r'") = a(r')rt.

For g~ we select instead

g>(r,r') = b(r") [rH,
which is well behaved at 7 = oo. It does not matter that g. diverges at r = oo
because this function is restricted to the domain r < 7' < oo; similarly, it does not
matter that g~ diverges at r = 0 because it is restricted to the domainr > r' > 0. To

determine the “constants” a and b we use the matching conditions. First, Eq. (2.6.7)
gives b = ar’?*t1. Second, Eq. (2.6.8) gives a = 47r'~(¢+1) /(20 + 1). So

4 rt
g<(r,r') = 201 7T (2.6.9)
and y
dr  r
g>(7", T'I) = mm (2610)

We observe a nice symmetry between these two results. Combining Egs. (2.6.6),
(2.6.9), and (2.6.10), we find that the radial function can be expressed in the com-
pact form

47 r€<

BT, (2.6.11)

ge(r,r') =
where 7. denotes the lesser of r and r/, while rs is the greater of » and r’. Thus,
if r < r' then ro =7, r~ =1/, and Eq. (2.6.11) gives g(r,r') = g<(r,r'), as it
should. Similarly, when r > 7’ we have r« = 7', rs = r, and Eq. (2.6.11) gives
g(r,r') = g>(r,7').
Substituting Eq. (2.6.11) into Eq. (2.6.4) and taking into account Eq. (2.6.2),
we arrive at

[e'S) 4
4r

FEr R sar e AR CIOE! 2612
This very useful identity is known as the addition theorem for spherical harmonics.

At first sight the usefulness of this identity might seem doubtful. After all,
we have turned something simple like an inverse distance into something horrible
involving special functions and an infinite double sum. But we will see that when
1/|x — 2’| appears inside an integral, the representation of Eq. (2.6.12) can be
very useful indeed. Not relying on this identity would mean having to evaluate an
integral that involves

1 1
-] /12 — 2rr'[sin@sin 6’ cos(¢p — ¢') + cos O cos '] + 2’
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and such integrals typically cannot be evaluated directly: they are just too compli-
cated.

Let us consider an example to illustrate the power of the addition theorem. We
want to calculate the electrostatic potential both inside and outside a spherical
distribution of charge with density p(x’) = p(r'). There are no boundaries in this
problem, but the distribution is confined to a sphere of radius R. After substituting
Eq. (2.6.12) into Eq. (2.1.3) and writing d®z' = r'2dr'dQ’, we obtain

8@ = o S e Vin0.9) [ ot [0
dmeg £= 20+ 1 tm it tm\7> :

To evaluate the angular integral we multiply and divide by (47)~/2 = Yoo (€', ¢'):
/ Vi, (0, ¢) Y = Vix / Y7 (60, 8) Yoo (0, 8') Y = v/Aby.00m0,

where we have involved Eq. (2.5.7). At this stage we happily realize that the infinite
sum over £ and m involves but a single term. We therefore have

R R _r
B(e) = o tn/Yin(0,0) | o = —an / o,

47reg rs 47eq rs

and as we might have expected from the spherical symmetry of the problem, the
potential depends on 7 only.

To evaluate the radial integral we must be careful with the meaning of r~ =
max(r,r’'). Suppose first that x is outside the charge distribution, so that » > R.
Then r > 7', r~ =r, and we have

R .2 R
1
471'/ _7’ p(r') dr' = ;47r/ p(r"r? dr' = _Q,
0 0

rs r
where Q = [ p(z') d®z' = 4r fo r'2 dr' is the total charge of the distribution.
In this case we have . Q
o 2.6.1
(@) = %, (2:613)

the same result as in Eq. (2.2.2). Suppose next that x is inside the charge distri-
bution, so that r < R. Then part of the integration covers the interval 0 <7’ < r
and the remaining part covers r < 7/ < R. In the first part r’ is smaller than 7 and
rs = r; in the second part »' is larger than r and r~ = r'. So

R ’I"I2 1 T R
471'/ —p(r') dr' = —47r/ p(r"r'? dr' + 471'/ p(r')yr' dr'.
o > r 0 r

In the first term we recognize
T
q(r) E/ p(z') d®z' = 47r/ p(r"r'? dr', (2.6.14)
o< 0

the charge enclosed by a sphere of radius r; if 7 > R then ¢(r) = . The internal
potential can thus be expressed as

Bin (@) = —— [@ +dr / R dr']. (2.6.15)

dmeg | 1

While the expression (2.6.15) for the internal potential depends on the details
of the charge distribution — the particular form of the function p(r') — a nicer
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conclusion applies to the electric field. The field is obtained by differentiating ®;,
with respect to r, and
d®i, 1 q 1dqg

SN (RS S, G
dr dreg | 12 + rdr e

But since dgq/dr = 4wpr? according to Eq. (2.6.14), we see that the last two terms
cancel out. The electric field is then

L a0, (2.6.16)

E(z) = 4meq T2
both inside and outside the charge distribution; recall that when r > R, ¢(r) be-
comes @, the total charge. We have recovered the well-known result that for any
spherical distribution of charge, the electric field at a radius r depends only on the
charge ¢(r) enclosed by a sphere of that radius; and the field is the same as if all
this charge were concentrated in a point at r = 0.

2.7 Dirichlet Green’s function for a spherical
inner boundary
[The material presented in this section is also covered in Sec. 3.9 of Jackson’s text.]
We now return to the task of finding the Dirichlet Green’s function Gp (x, z’) for
the specific situation described near the end of Sec. 2.4, in which we have a spherical
inner boundary at || = R and no outer boundary. It will be a simple matter to

modify the treatment presented in Sec. 2.6 to account for the inner boundary.
As in Eq. (2.6.4), the Dirichlet Green’s function can be expanded as

Go(@,x') = gi(r,r") Y (6,8 ) Yim (6, ). (2.7.1)

m

As in Eq. (2.6.6), the radial function can be expressed as
gf(/rv ,,_I) =9< (T7 Tl)g(rl - ’I‘) + 9> (’I', ,r,l)a(,,. - rl)a (272)

where g. and g- are solutions to Eq. (2.5.3) that must also satisfy the matching
conditions of Egs. (2.6.7) and (2.6.8),

g>(r',r") —g<(r'sr') =0 (2.7.3)
and p p A
g g m
) = =) = -5 (2.7.4)

The only difference with respect to what was done in Sec. 2.6 is that now, according
to Eq. (2.4.3), the Green’s function must vanish on the inner boundary. This gives
the additional conditions g¢(r = R,7') = g¢(r,7' = R) =0, or

g<(r=R1)=0,  gu(rr' =R)=0; (2.7.5)

recall that R is now the smallest possible value of both r and r'.
Since g« (r,r") is no longer required to be well behaved at r = 0, we must set it
equal to
g<(r,r') = a(r', R)r* + a(r', R) [r***,

the general solution to Eq. (2.5.3). For g~ (r,r') we choose instead

9> (Ta TI) = b(rla R)/’I’H_l,
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which is well behaved at r = co. Solving Eqgs. (2.7.3)—(2.7.5) for the “constants”

produces a = 47~ /(20 + 1), a = —aR***!, and b = a(r?+! — R2HH1). Col-
lecting these results gives
A 1 R2€+1
no_ =t - et
g<(r,r') = TR (r S > (2.7.6)
and A R2t+1
4 1 174
g>(7‘ ’I") 2£+1’[‘e+1 (’I‘ _/,-’ZT> (277)

Combining Egs. (2.7.2), (2.7.6), and (2.7.7), we find that the radial function can be
expressed in the compact form

4 1 ., R¥H 4w P _ R
204174 ( rCE ) S 204+1 (rr)tHL 7

ge(r,r') = (2.7.8)
where r. denotes the lesser of r and r', while rs is the greater of r and ' (notice
that r<r~ = rr'). We see that g¢(r,r') vanishes on the inner boundary: When
r = R it must be that r < 7', so that r« = » = R, and the terms within the
brackets vanish; on the other hand, when ' = R it must be that ' < r, so that
r< =7r' = R, and the same conclusion applies.

The Dirichlet Green’s function is obtained by substituting Eq. (2.7.8) into Eq. (2.7.1):

R2£+1
Z 2£+ 1r l—i—l ( ‘- l—i—l )nm(el ¢ )nm(05¢) (279)

This is slightly more complicated than Eq. (2.6.12), but still manageable. Notice
that the Dirichlet Green’s function reduces to 1/|x — x’| when R = 0. It would be
straightforward to generalize this derivation to account also for the presence of an
outer boundary; we shall not pursue this here.

2.8 Point charge outside a grounded, spherical
conductor
[The material presented in this section is also covered in Sec. 2.2 of Jackson’s text.]

The electrostatic potential outside a grounded, spherical conductor of radius R
is given by Eq. (2.4.7),

1

(z) = 4Amreg

/ G (@, 2')p(a’) P, (2.8.1)
@[>R

and the Dirichlet Green’s function was obtained as
R20+1

Z 2@_*_ 1r £+1 ( <= P )Yem(g' ") Yem (9, 0) (2.8.2)

in the preceding section. The charge density induced on the surface of the conductor
is given by Eq. (2.4.8), 0 = ¢ F - #i, where E is the electric field just above the

conductor and 72 = # is the surface’s unit normal. Because E = —V &, this works
out to be 9%
o= —€— . (2.8.3)
or|,_g

We place a point charge g on the z axis, at a distance 29 > R from the centre of
the conducting sphere. The charge’s position vector is zgp = 292 and its spherical
coordinates are ro = zg, 8 = 0, and ¢¢ is undetermined. The charge density is

p(x') = qé(z’ — 20). (2.8.4)
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Substituting this into Eq. (2.8.1) gives

d(x) = q Gp(z, 20)
47eg
q 47 Tﬂ R2t+1 .
dmeg £= 20+ 1 (r‘iﬂ PCH om (0, 00)Yer (6, ¢),

where r~ now stands for the lesser of r and 2y, while r~ stands for the greater of
the two. It is a property of the spherical harmonics that

[20+1
Y:@m(();(ﬁo) = ?6m,0;

so that the potential is actually independent of ¢y and involves a single sum over
£. Tt is another property of the spherical harmonics that for m = 0, they reduce to
ordinary Legendre polynomials,

20+ 1
47

Yi0(0,6) = Py(cos).

After cleaning up the algebra, the final expression for the potential is

i £ 2041 7, 0+1
— q < R /ZO
() = 47req pard (7«5;1 N AN )PK(COS 0). (2.8.5)

We see that the potential depends on r and € only; the fact that it does not depend
on ¢ reflects the axial symmetry of the problem.

Before moving on we pause and recall the main properties of the Legendre
polynomials. These are ordinary polynomials of order #; if £ is even the function
Py(x) contains only even terms, while if £ is odd it contains only odd terms. For
example,

B(z) = 1,

P(z) = =,

P) = (37— 1),

Pyz) = 5(50°~30),
Py(z) = %(35$4—30$2+3).

The Legendre polynomials are orthogonal functions,

1
2
Py (x)P, = —0p 2.8.
| Pe@P@) s = gbe, (2:86)
and they possess the special values
_ (20— 1)l . _
Pan(0) = (-1) RO Pant1(0) =0, P(1) =1, (2.8.7)

where the double factorial notation means (2n)!! = (2n)(2n — 2)(2n — 4) ---(2) or
Cn—1D=02n-1)2n—-3)2n—5)---(1).

The potential of Eq. (2.8.5) is expressed as an infinite sum over £. We will
evaluate this sum in a moment, but for now we calculate the charge density o ()
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Figure 2.4: Surface charge induced by a point charge above a spherical conductor.
Plotted is 47 R%0/q' as a function of 6 for z9/R = 1.3 (upper curve), zo/R = 1.6
(middle curve), and zo/R = 1.9 (lower curve). The charge density is peaked at
6 = 0 and its width increases with increasing values of zo/R: the closer the charge
is to the surface the narrower is the charge distribution.

on the surface of the conductor. For r close to R we have r < zg, r« =7, > = 29,
and Eq. (2.8.5) becomes

q 1 , Rze+1
P = - P,
(x) Treg S (r s 0 (cos 0).

Let f(r) = rf — R?+1/rt+1 be the function of r that appears inside the brackets.
Its derivative is f'(r) = €rt=! + (£ + 1)R?***!/r**2 and evaluating this at r = R
gives f'(R) = (2¢+ 1)R*~'. From Eq. (2.8.3) we then obtain

q RZ 1
o==7- (2¢+1) £+1P(c0s0),

¢

or -
(20 + 1)(R/20)* Py (cos ), (2.8.8)

=0
where

q' = —q(R/2) (2.8.9)

will be shown presently to be the total induced charge on the surface of the con-
ductor. Plots of the charge density are presented in Fig. 2.4 for selected values of
R/ZO .

That ¢' is truly the total surface charge can be shown by evaluating the integral
of the charge density over the surface of the conductor; we should recover ¢’ =
$ oda. To evaluate this we let da = R*dQ) = R?sinfdfd¢, which reduces to
da = 2 R?sin § df after integration over ¢. Then

R ™
fada =2 St 1)(3/20)1/ Py(cos §) sin 6 df.
£=0 0
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The integral over 6 is equal to fil Py(z)Po(z) dz = 28, by virtue of Eq. (2.8.6),
and we obtain ¢ o da = ¢', as required.
The potential of Eq. (2.8.5) can be decomposed as

®(z) = ¢y(z) + ¢ (), (2.8.10)

where
P, (x Py(cosb 2.8.11
() = 4m§r€+l 0(c0s ) (2:8.11)

is the potential that would be obtained in the absence of a boundary, and

B, () = ¢ 5 (zé)epg(cose) (2.8.12)
? 4reg =~ ré+1

is the modification introduced by the boundary condition ®(r = R) = 0; here
¢ = —q(R/zp) was defined in Eq. (2.8.9) and

26 = R?/ 2. (2.8.13)

Notice that z/R = R/zp < 1, so that zj < R < 7.
The sums over £ can now be evaluated. For ®, we already know that Eq. (2.8.11)
is equivalent to

1 q
P = —_— 2.8.14
«(@) dreg | — 2o ( )

because @, is the potential produced by a charge ¢ at a position zg = 292 in the
absence of boundaries. By analogy, because zy < r we have that Eq. (2.8.12) is

equivalent to
1 q
P, = —_— 2.8.15
lI(w) 47T€0|(E—Z6|’ ( )

where z{ = z{Z. This is the potential of a fictitious image charge ¢' at a position z{
inside the conductor. While in reality the charge ¢’ is distributed on the surface of
the conductor, the potential ®, is the same as if all this charge were concentrated
at z{.

This observation is the basis for the method of images, which consists of finding
solutions for the potential in the presence of conducting surfaces by guessing the
correct positions of the correct number of image charges. It is a powerful, but tricky,
method.

2.9 Ring of charge outside a grounded, spherical
conductor

In this section we consider a uniformly charged ring of radius a > R. If the ring is
placed in the z-y plane, its charge density is described by

pla') = —L_s(' —a)s(' — ), (2.9.1)

2ma?

where ¢ = [ p(a’) d®z' is the ring’s total charge. The -function in r’ indicates that
the ring is 1nﬁn1te1y thin, while the J-function in @’ tells us that it is placed in the
z-y plane, as was previously stated.

Substituting Eq. (2.9.1) into Eq. (2.8.1) along with Eq. (2.8.2) gives

4’/T * Ti R2£+1 ! 12 !
) = 47T€0 27m2 Z 20+ v ¢)/ (re>+1 - r‘iﬂriﬂ)é(r i

x [ Vi85 - 3)a,
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where dQ' = sin ' df'd¢, r« = min(r,r’), and r~ = max(r,r'). To perform the ¢’
integration we recall that Y,; o< e~¥m? 5o that integrating gives zero unless m = 0.
So

27

Y (0',9") do' = 21Y4,0(0")dm 0.
0

Integration over 6’ then gives

20+1

27rY¢,0(§)(5m,0 =27 .

Py(0)m,0
On the other hand, the radial integration gives
a2( rt - R2t+1 )
e

where r. now stands for the lesser of r and a, while r~ stands for the greater of
the two. With these results the potential becomes

g Am rt R+ 20+1
¢(m) - ; —YZ,O(G) (T‘é—‘rl - Ti+17"e>+1 A P[(O)

47eg 20+ 1

Invoking once more the relation between Yy o(8) and Py(cos8), we arrive at

£ R2£+1 /al+1

B(z) = ZPK(O)(TZL— st )Pg(cos()). (2.9.2)
>

4me
0 =0

Once more the potential is independent of ¢, and is expressed as an infinite sum
over £. Once again we will see that the sum over £ can be evaluated.

We first calculate the charge density on the surface of the conductor. For r close
to R and therefore smaller than a, we have r« = r, r< = a, and Eq. (2.9.2) becomes

B(z) = 2 in(O)f()Pg(cosﬁ)

4meg 4+1
=0

where the function f(r) = r¢ — R2*!/r+! was previously encountered in Sec. 2.8.
We recall that f/(R) = (2¢+ 1)R¢™', and Eq. (2.8.3) gives

q Ré—l
o=-1- Z(ZZ + l)Pe(O)WPZ(COSG)a
)
or o
(2¢ + 1)P(0)(R/a)* Py(cosb), (2.9:3)

=0
where

d = —q(R/a) (2.9.4)

is the total charge on the conducting surface. Plots of the surface charge density
are presented in Fig. 2.5 for selected values of R/a.
As in the previous section the potential of Eq. (2.9.2) can be decomposed as

B(x) = By() + B, (), (2.9.5)

where ®, is the potential of a ring of total charge ¢ and radius a, while &, is the
potential of a fictitious image ring of total charge ¢' and radius a’ = R?/a. (You
should work through the details and make sure that these statements are true.)
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Figure 2.5: Surface charge induced by a ring of charge outside a spherical conduc-
tor. Plotted is 4rR?0/q' as a function of @ for a/R = 1.3 (upper curve), a/R = 1.6
(middle curve), and a/R = 1.9 (lower curve). The charge density is peaked at § = 7
and its width increases with increasing values of a/R: the closer the ring is to the
surface the narrower is the charge distribution.

2.10 Multipole expansion of the electric field

[The material presented in this section is also covered in Sec. 4.1 of Jackson’s text.]

We now leave boundary-value problems behind, and derive the fact that in the
absence of boundaries, the electrostatic potential outside a bounded distribution of
charge can be characterized by a (potentially infinite) number of multipole moments.
Among them are

Q = /p(:z:) d®z = total charge = monopole moment, (2.10.1)
Do = /p(:z:)a:a d*z = dipole moment vector, (2.10.2)
Quw = /p(:v) (3z4 — 7%845) d*x = quadrupole moment tensor.(2.10.3)

Additional multipole moments can be constructed in a similar way, up to an infi-
nite number of tensorial indices. But to proceed along this road quickly becomes
cumbersome, and we shall find a better way of packaging the components of these
multipole-moment tensors. Notice that the quadrupole moment is a symmetric and
tracefree tensor: Qpg = Qqp and Qo = 0 (summation over the repeated index is
understood); it therefore possesses 5 independent components.

Consider the complex quantities

Gom = / p(@)rY7 (0, ) doa. (2.10.4)
By virtue of Eq. (2.5.6), they satisfy the identity

at,—m = (—1)"qm- (2.10.5)
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Because m ranges from —/ to ¢, for a given ¢ there are 2¢ + 1 independent real
quantities within the gg,s. For £ = 0 we have only one, and we will see that qgo is
proportional to the total charge. For £ = 1 we have three independent quantities,
and we will see that the g,,s give the components of the dipole moment vector. For
£ = 2 we have five independent quantities, and we will see that the go,,s give the
components of the quadrupole moment tensor. Thus, the quantities of Eq. (2.10.4)
give a convenient packaging of the multipole moments, to all orders.
To evaluate Eq. (2.10.4) for £ = 0 we recall that Yy, = (47) /2, so that

1
QOO—\/T—W

We see that indeed, goo is directly related to the total charge. For £ = 1 we have
rYy = —(3/8m)Y/2(rsin§)e = = —(3/8n)'/?(z —iy) and Yy = (3/47)'/*r cos§ =
(3/4m)'/?2. This gives

/3 . /3
qi1 = — S_W(pw - zpy); qi0 = E D (2107)

and we see that indeed, the ¢i,,s are directly related to the dipole moment vec-
tor. For £ = 2 we have r2Yy, = (15/327)'/?(rsinfe~®)? = (15/32m)'/?(x — iy)?,
r2Yy, = —(15/87)'/2(rsinfe=)(r cosh) = —(15/8m)'/*(x — iy)z, and r2Yyy =
(5/167)'/?r?(3 cos? @ — 1) = (5/16m)'/2(322 — r?). This gives

Q. (2.10.6)

1

G222 = 12 (sz ny - 2iwa);

g21 = 1\/7(sz iQyz):
Qo = \/7sz, (2.10.8)

and we see that indeed, the ,2ms are directly related to the quadrupole moment
tensor. For higher values of £ it is best to stick with the definition of Eq. (2.10.4).

How are the multipole moments ¢z, related to the potential? The answer comes
from Eq. (2.1.3) in which we set ®o(x) = 0 (because we are no longer considering
boundaries) and substitute Eq. (2.6.12):

rt

Ba) = Zﬂﬁlnm(e 9 [ o@) i Yin@ ) '

4dmeg

Because we are looking at the potential outside the charge distribution, r is larger
than ' and we can set r- = r', r~ = r. This gives

]. 4:7r }/fm(a; ¢) / IN 1% ' ' 3 s
P = v, .
(m) 47eq ; 2+1 it p(iB )T lm(a 7¢ ) d’z

We recognize the integral over the primed variables as the definition of the ggp,s,
and we arrive at

®(r,0,¢) =

nm(oa ‘b)
471'60 Z Z 2€+ 14 YA (2.10.9)

This is an expansion of the potential in inverse powers of r, and the multipole
moments play the role of expansion coefficients.
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The leading term in Eq. (2.10.9) comes from the monopole moment gqq, or total
charge Q:
1 Q

dmeg T

Qmonopole(w) (21010)

The next term comes from the dipole moment. Using Eq. (2.10.7) and recalling the
explicit expressions for the spherical harmonics of degree £ = 1, we have

1
3
> timYim = 1 (P27 + pyy +p:2)

m=—1

and 1
bz
= p— 2.10.11
dmey 13’ ( )

D gipole (T)

asin Eq. (2.3.5). The next term in the expansion of the electrostatic potential comes
from the quadrupole moment. Using Eq. (2.10.8) and the explicit expressions for
the spherical harmonics of degree £ = 2, it is easy to show that

11 ToXp
- 47T60 iQab

In a situation in which @ # 0, the electrostatic potential far outside the charge
distribution is well approximated by ®monopole; in this case the potential is charac-
terized by a single quantity, the total charge (). When the total charge vanishes,
however, the potential is approximated by ®gipole, and in this case we need three
quantities, the components of p, the dipole moment vector. When this vanishes
also, the potential is more complicated and is approximated by ®quadrupole; in this
case the characterization of the potential involves the five independent components
of the quadrupole moment tensor.

It is important to be aware of the fact that the multipole moments gy, depend
on the choice of origin for the coordinate system. For example, a point charge ¢
at & = 0 has a charge density described by p(x) = ¢é(x) and multipole moments

given by
| q/Vir =0
dUm =10 otherwise

(I)quadrupole(m) (2.10.12)

75

As expected, only the monopole moment is nonzero. But the same point charge
placed at another position xy possesses a very different set of multipole moments.
In this case the density is p(z) = ¢é(x — x0) and Eq. (2.10.4) gives

Qem = qro*Yii, (B0, do),

where (rg, 6o, ¢o) are the spherical coordinates of the point xo. We have agreement
only for ggo, the lowest nonvanishing multipole moment. This is a special case of
a general result: Only the lowest nonvanishing multipole moments have values that
are independent of the choice of origin for the coordinate system; all other moments
change under a translation of the coordinates. We shall not provide a proof of this
statement.

2.11 Problems

1. Calculate the electrostatic potential ®(x) inside a charge distribution whose
density is given by
3
plx) = S—po(r/r0)2 sin” @ for r < ro,
T

where pg and r¢ are constants. For r > rg the density is zero. There are no
boundary surfaces in this problem.
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2.

(Jackson’s Problem 1.12) Prove Green’s reciprocation theorem: If ®; is the
potential due to a volume charge density p; within a volume V' and a surface
charge density o; on the conducting surface S bounding the volume V', while
®, is the potential due to another charge distribution p» and o3, then

/ 1%y d3m+7{<71<1>2 da :/ p2®q d3x+7{<72<1>1 da.
\4 S \4 S

A point charge ¢ is brought to a distance zp > R from the centre of a con-
ducting sphere of radius R (as in Sec. 2.8). The conductor, however, is not
grounded, but kept in careful isolation; as it initially supports a zero net charge
on its surface, its final net surface charge must also vanish. The surface of the
conductor is therefore at a constant potential V' # 0. Find V as a function of
q, 2o, and R.

. Suppose that at a spherical boundary surface S of radius R, the electrostatic

potential is assigned the values ®(R,0,¢$) = V sinf cosf cos ¢, where V is a
constant. Suppose that there are no charges outside this surface, and that S
is the only boundary present in the problem. Find the potential for r > R.

In this problem we consider the electrostatic potential due to a uniformly
charged disk located outside a grounded, conducting sphere. The conductor
has a radius R and the potential over its surface is zero. The disk has an inner
radius a > R and an outer radius b > a. It is convenient to place the disk
in the equatorial plane of the spherical coordinate system, so that its charge
density is described by

3¢ d(0-73)

iy - a<r<hb,

p(x)

with ¢ denoting the disk’s total charge.

a) Verify that ¢ is indeed the disk’s total charge.
b) Calculate the potential in the region R < r < a.

c) Calculate the surface charge density o(6) on the surface of the conducting
sphere, and provide a plot of this function. (Use the valuesq =1, R =1,
a = 1.2, and b = 2; make sure to include a sufficient number of terms in
the infinite sum over £.)

d) Show that the total charge on the surface of the conductor is given by

i_ 3¢ (a+b)R
= @ xab+ 02

Suppose that the upper hemisphere of a conducting sphere is maintained at
a potential +V, while its lower hemisphere is maintained at a potential —V.
(The two hemispheres are separated by a thin layer of insulating material, but
there is no need to include this into the mathematical model.) The conducting
surface has a radius R, and there are no charges outside the conductor.

Show that the potential outside the conducting sphere can be expressed as

o(r,0) =V i a¢(R/r) 1 Py(cosb),

=1

where the numerical coefficients a, are zero if £ is even, and equal to (2¢ +
1) fol Py(z) dx if £ is odd. Calculate a, explicitly for £ = (1,3, 5).
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7. A conducting sphere of radius R is maintained at a potential V. It is sur-

rounded by a thin spherical shell of radius a > R on which there is a surface
charge density proportional to cosf. The volume density of charge is given
by

__°p
p(r,0) = g cos040(r — a),

where p is a constant — it is the dipole moment of the charge distribution on
the thin shell.

a) Verify that the shell’s total charge is zero, and that p = pZ2 is the dipole
moment vector of this charge distribution.

b) Calculate the potential in the region R < r < a.
c) Calculate the potential in the region r > a.

d) What is the total charge of this configuration? What is the total dipole
moment vector? (The total charge configuration includes the free charge
on the spherical shell and the induced charge on the surface of the con-
ductor.)

e) Calculate the density of charge o () on the surface of the conductor. What
is the total charge on the conductor?

. Calculate the electrostatic potential ®(x) outside a thin, hollow sphere of

radius R on which there is a surface density of charge proportional to 1 +
3co0s(260). You may assume that there are no boundaries, and that the volume
charge density is given by

5\

p(r,0) = Ty [1 + 300s(29)]5(r — R),

where ) is a constant.

What are the components of the quadrupole moment tensor for this charge
distribution?



CHAPTER 3
MAGNETOSTATICS

3.1 Equations of magnetostatics

For time-independent situations, the part of Maxwell’s equations that involve the
magnetic field are decoupled from those involving the electric field, and they can be
dealt with separately. The equations of magnetostatics are Poisson’s equation for
the vector potential,

V2A(z) = —poj (@), (3.1.1)

the Lorenz (or Coulomb) gauge condition
V-A=0, (3.1.2)
and the relation between potential and field,
B=V xA. (3.1.3)

We recall that the current density must satisfy the statement of charge conservation,
V.-3=0.

Because Eq. (3.1.1) is very similar to the electrostatic equation (2.1.1), the tools
introduced in Chapter 2 to solve Poisson’s equation can be taken over directly to
magnetostatics. And because we already have gained much experience solving such
equations, it will suffice to keep our discussion of magnetostatics quite brief. In
particular, it will be sufficient to solve Eq. (3.1.1) in the absence of boundaries. We
therefore write the solution as

P (3.1.4)

recalling the results of Sec. 1.8.

3.2 Circular current loop
[The material presented in this section is also covered in Sec. 5.5 of Jackson’s text.]
As our first application we calculate the magnetic field produced by a current I
flowing inside a circular loop of radius R. We place the loop in the z-y plane, at

z = 0. To evaluate the integral of Eq. (3.1.4) for this situation we will use spherical
coordinates and express the Green’s function as in Eq. (2.6.12),

[eS) £
|m 12’| Z Z zg_}_ 1r £+1 Yém(ol d)l)Yém(e; ®), (3.2.1)
=0 m=—{
where r. is the lesser of  and 7', while rs is the greater of the two.

45
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The density of the negative charge carriers inside the wire is given by
A
p(@) = —3d(r - R)S(O - 3), (3:2.2)

where ) is the magnitude of the linear charge density (minus the wire’s total charge
per unit length); the total charge is given by [ p(z)d®z = —2rRX. The charge
carriers move in the negative ¢ direction so as to produce a positive current. Their
velocity vector is

v = —vp = —v(—sin ¢& + cos ), (3.2.3)

where (Z) is a unit vector that points in the direction of increasing ¢. Its expression in
terms of the constant vectors & and ¢ is obtained by noting that the position vector
of a point in the plane is given by r = r cos ¢& + rsin ¢, so that a vector pointing
in the ¢ direction is Or/0¢ = —rsing® + r cos ¢g; dividing by r produces the
normalized vector ¢. From Egs. (3.2.2) and (3.2.3) we obtain the current density,

j(x) =pv = égﬁ&(r —R)0(0—7%), (3.2.4)

where I = Av is the current.

To obtain the vector potential we substitute Egs. (3.2.1) and (3.2.4) into Eq. (3.1.4).
For concreteness we take & to be outside the loop, so that » > 7', ro = ¢/, and
rs = r. We must pay attention to the fact that (ﬁ is not a constant vector: its
expression in terms of & and § must be substituted inside the integral before inte-
gration is attempted. It is convenient to consider the complex combination A, —iA,,
which is generated by

I I

Jy — ije = E(cos¢’ +ising)d(r' — R)6(0' — %) = 7°
we have now expressed this in terms of the primed variables. We notice that the
¢' dependence of the current density is contained entirely in the exponential factor

et . After evaluating the r' and ¢’ integrals the vector potential becomes

930" — B)E' - 3);

po I~ 4n R I
_Y Y ™ [z .
4m R 4= 20+ 1 rtH! om (0, 9) ; tm(5,9)e' do

Ay —id, =

The ¢' integral evaluates to Yy (%,0) fOQF e~ 9" ei?" d¢' = 21V (Z,0)0m,1, and
the potential simplifies to

oo

o 82 R\ ¢t
Ay—zAm:4—IZ%+1Ye1( 0)<7> Ye,1(8, 9);

the sum begins at £ = 1 because there is no spherical harmonic Yo;. The spherical-
harmonic functions can then be expressed as Yy 1(0,¢) = Y;,1(,0)e!®, and this
allows us to extract the real and imaginary parts of the right-hand side. We obtain

— 82 R\ 1 ‘
A, =— Z;I 2£+1Yu( 0)<?) Y;1(6,0)sin ¢
and "
o~ 8> R
Ay = Z—;I 20+ 1Ye 1(3,0) (?> Y:,1(8,0) cos ¢,

and these combine to form the vector

> 41
¢Z 2e+ pYe1(5,0) (§> Y2,1(6,0). (3.2.5)
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We see that the vector potential is expressed as an expansion in powers of R/r.

When r > R the vector potential is well approximated by the leading term of
the expansion, given by ¢ = 1. In this case we have Y311(6,0) = —/3/(87)sin§ and
Eq. (3.2.5) becomes

~ Ho o Lson2
A(x) = E(ﬂ'R I)T—2(sm9¢). (3.2.6)
We will write this in a different form. First we define the vector
m = (nR’I)z, (3.2.7)

which points in the z direction and whose magnitude is the product of the current I
and the area 7 R? enclosed by the loop; this vector is known as the magnetic moment
of the current distribution. Then we notice that £ x z/r = —(y/r)& + (z/r)g =
—sin @ sin ¢& + sin 6 cos ¢g = sin 6. So Eq. (3.2.6) can be written as

:&mxw
47 73

A(x) , (3.2.8)
and this shall be our final expression.

The curl of A gives the magnetic field. Apart from a common factor of (ug/47)|m|,
its z component is equal to —V,(z/r®) = 3zz/r®, its y component is equal to
—V.(y/r?®) = 3yz/r5, and finally, its z component is equal to V. (z/r®)+V,(y/r3) =
2/r3 —3z® [r® —3y?/r5 = —1/r® + 322 /r5. These results combine to form the vector
3zx/r5 — 2/r3, and multiplying by |m/| gives 3(m - z)z/r’ — m/r3. The magnetic
field is therefore
_ Mo 3(m-F)F —m
T Arw r3
where # = & /r is a unit vector that points in the radial direction. Notice that this
expression for the magnetic field is very similar to what was obtained in Sec. 2.3
for the electric field of a dipole:

B(z) , (3.2.9)

1 3(p-F)f—p
4Teg r3 '

Egipole =

So the magnetic field far outside a current loop has a dipolar behaviour, with m
playing the role of dipole moment.

3.3 Spinning charged sphere

As a second application we calculate the magnetic field produced by a hollow sphere
of radius R, uniformly charged, that is rotating with an angular velocity @ = Q2.
Here the charge density is given by

p(x) = —L_s(r - R), (3.3.1)

where q is the sphere’s total charge. To calculate the velocity vector v of a point x
on the surface of the sphere, we consider a narrow strip at an angle 6§ with respect
to the z axis (see Fig. 3.1). A point on this strip moves in the ¢ direction; in a
time dt the angle increases by d¢ = Qdt. Since this point is at a distance Rsind
from the z axis, the length traveled is dl = (Rsinf)d¢. The speed is therefore
v =dl/dt = (Rsin ), and the velocity vector is v = vd = QRsin 0, or

v(z) =Q x . (3.3.2)

This is the velocity of the charge distribution, and the current density is given by

(@) = % sin 6B5(r — R). (3.3.3)
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Rsin©

Figure 3.1: A hollow sphere rotating at an angular velocity €2 around the z axis.

We recall that ¢ = — sin ¢& + cos ¢g.
Again it is convenient to consider the complex combination A, —iA,, which is
generated by

. Q. i’

Jy —ijz = él(ir—R sin@'e’? §(r' — R).
The angular function happens to be equal to —/87/3Y11(¢', ¢'). Substituting this
and Eq. (3.2.1) into the expression for A, — iA, that comes from Eq. (3.1.4), we

find that the angular integration is nonzero if and only if £ = m = 1; the double
sum over £ and m therefore contains a single term. The radial integration reduces

to
oo,r,< o 2 30 r r<R
/0 —-0(r" = R)r" dr —{ R3/r? rSR

s

and we obtain

. _ Mo qQ 4 8w r
Ay it =2 B SEv0)] { g |-

The angular function within square brackets is sin #e’®, and the vector potential is
. C e . T
A= _77_(_ sin @ sin @& + sin  cos ¢P) { R /r? } .

After multiplication by r the vector within brackets becomes —y& + z9 = 2 X x.
If we let

1 1
m= quR2 5 = quQQ, (3.3.4)

we find that the vector potential inside the sphere is given by

oM XT

Aip(z) = i o (r < R), (3.3.5)
while the potential outside the sphere is
m X
Agu(x) = 10 (r > R). (3.3.6)

T A o8
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Notice that these are exact results — no approximations were involved in the cal-
culation of the vector potential. Notice also that A,y takes the same form as in
Eq. (3.2.8), except for the fact that here, the magnetic moment m is a different
vector. From this we conclude that the magnetic field B,y outside the sphere has
a dipolar behaviour, and that it takes the form of Eq. (3.2.9).

To calculate the magnetic field inside the sphere we express the vector potential
as Aip = (o /47)(m/R3)(—y& + z§) and take its curl. Its x and y components are
both zero, and its z component is proportional to V,z + V,y = 2. We arrive at

_ Mo 2m
iy
This states that inside the sphere, the magnetic field is constant and points in the
same direction as the magnetic moment (which corresponds to the rotation axis).

Bin(z) (3.3.7)

3.4 Multipole expansion of the magnetic field

[The material presented in this section is also covered in Sec. 5.6 of Jackson’s text.]
For both the current loop (Sec. 3.2) and the rotating sphere (Sec. 3.3) we found
that the vector potential at a large distance from the current distribution was given
by
_Mom XIT
S Am 37
where the vector m, known as the magnetic moment, characterizes the distribution
of current. And in both cases we found the magnetic field to be described by

A(z) (3.4.1)

_ po 3(m-F)F —m
4w r3
where 7 = x/r; this is a dipolar field. Here we will show that these expressions
are in fact very general: they are the leading terms in an expansion of the vector
potential and the magnetic field in powers of 1/r. This multipole ezpansion is valid
for points « that lie outside of the current distribution.

Let the distribution of current be confined to a volume V' bounded by a surface
S. We take x to be outside of V', while x’ is necessarily inside. We examine the
vector potential at a large distance r > r', starting from the exact expression

po [ (&) 5,
Alx)="— | ————d°z".
(@) 47r/|a:—:1:’| v
We recall that the current density satisfies V - 3 = 0, and we recognize that there

is no current flowing across S; this implies that j - da = 0, where da is the surface
element on S. As we shall show below, these equations imply the integral statements

/ j(@')d’z' =0 (3.4.3)
\4

B(z) , (3.4.2)

and
/ (7-2')j(z') d’z' = —%f x/ [z’ x j(z')] &' (3.4.4)
v v

To simplify the vector potential we expand 1/|x — 2’| in powers of 1/r. We could do
this very systematically by involving the addition theorem for spherical harmonics
(Sec. 2.6), but it will be good enough to keep only a small number of terms. For
this we proceed directly:

z-a'| = (@-2) (-2
= Vr2—2z-x' — 2
= r/1-2f-2'/r +---
= r(l-#F-2'/r+--),
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so that
1 1 o,
7:—<1+r-w/r+---).
le—2| r

Substituting this into the exact expression for A(z) gives

A(:z:)=Z—;[%/Vj(m')d3x'+ri2/v(ﬁ-w')j(w')d%'%—---].

The first term on the right-hand side vanishes by virtue of Eq. (3.4.3), and the
second term is altered by Eq. (3.4.4). We have

1 1, .
A(:):):Z—;T—z{—irx/v[m’xg(m')] d3w'+---},

and if we define the magnetic moment of the current distribution by

1
m=1 / o x j(z') &, (3.4.5)
2 14

then we recover Eq. (3.4.1). We see that indeed,

A(w)—&mXﬁ+O<1)

47 r2 r3

is a very general expression, and that the magnetic moment of an arbitrary distri-
bution of current is given by Eq. (3.4.5). It is a straightforward exercise to show
that for the current loop of Sec. 3.2, Eq. (3.4.5) reproduces Eq. (3.2.7). Similarly,
Eq. (3.4.5) reduces to Eq. (3.3.4) for the rotating sphere of Sec. 3.3.

We still have to establish the identities of Eqgs. (3.4.3) and (3.4.4). We begin
with the 2z component of Eq. (3.4.3), in which we drop the primes on the integration
variables. Consider

V- (2§) =2V -4§)+3j-Vz=js,

which follows because V-3 = 0 and Vz = 2. Integrating this equation over V gives

/jzd%:/V-(zj)d%zf.zj-da,
v v s

where we have invoked Gauss’ theorem. But the right-hand side is zero because no
current, crosses the surface S, and we have fV j. d®x = 0. Proceeding similarly with
the z and y components, we arrive at Eq. (3.4.3).

To establish Eq. (3.4.4) requires a bit more work, but the idea is the same. We
consider the z component of this equation, in which we drop the primes on the
integration variables. (At the same time we replace the vector #, which is constant
with respect to the primed variables, by an arbitrary constant vector e.) We have

/(e-w)jzd3x:ew/szd3;c+ey/yjzd3$+ez/zjzd3x
v v 14 v

for the left-hand side of the identity. Consider now
V- (22j) =22(V -3) + 5 - V(22) = xj. + 2ja,

which integrates to

/ (zj + 2jz) d*x = 7{ zzj -da =0,
\4 s
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giving rise to the integral identity

/mjz d3$=—/ 2jg d°.
v 1%
/yjzd3a:=—/ zjyd3x.
v v

V- (2%5) =22V -§) +4- V2 =2zj,,

/ zj,d*x = 0.
4

Using these results, we go back to the left-hand side of Eq. (3.4.4) and write

1
/(e-m)jzd3:c = Ze, (/ szd3a:—/zjwd3:c)
v 2 v v
1
+56y (/ yjzd3a:—/ zjyd3:1:>
v v

1 . . 1 . .
—5¢ / (2js — xj.) &>z + §6y/ (yj. — zjy) d°=.
1% 1%

Similarly,

On the other hand,

and this yields

Inside the first integral we recognize the y component of the vector x x j, while the
second integral contains its £ component. So

/V(e-a:)jzd% = —%(em/v(wXj)yd%—ey/v(wxj)zd%)

—% (e X /V(a: x 7) d3m>z,

and we have arrived at the right-hand side of Eq. (3.4.4).

3.5 Problems

1. Show that for the current loop of Sec. 3.2, Eq. (3.4.5) reproduces Eq. (3.2.7).
And show that Eq. (3.4.5) reduces to Eq. (3.3.4) for the rotating sphere of
Sec. 3.3.

2. A uniformly charged sphere of radius R is rotating around the z axis with
an angular velocity 2. Take the density of charge inside the sphere to be
3q/(4wR3) (for r < R), where q is the sphere’s total charge. Calculate m, the
sphere’s magnetic moment vector.

3. Calculate the vector potential A(z) inside the spinning sphere of the preceding
problem. Express it in terms of the sphere’s magnetic moment vector m.

4. Prove that for a current loop of arbitrary shape that lies in a plane, Eq. (3.4.5)
gives
|m| = (current)(area enclosed by loop),

and that the direction of m is normal to the plane.
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CHAPTER 4
ELECTROMAGNETIC WAVES IN
MATTER

4.1 Macroscopic form of Maxwell’s equations

[The material presented in this section is also covered in Sec. 6.6 of Jackson’s text.]
Our goal in this chapter is to describe how electromagnetic waves propagate in

dielectric materials. Our first task will be to reformulate Maxwell’s equations in a

way that conveniently incorporates the electromagnetic response of the medium.

4.1.1 Microscopic and macroscopic quantities

Maxwell’s equations, as they were written down in Chapter 1, are the fundamental
equations of classical electrodynamics; in principle they require no modification
even in the presence of a nontrivial medium. But it is convenient to write them
in a different form, in which the charges that are free to move within the medium
are distinguished from the charges that are tied to the medium’s molecules, and in
which the microscopic fluctuations of all the variables involved have been smoothed
out. The resulting form of Maxwell’s equations involves only macroscopic densities
of free charges and currents, and macroscopic electromagnetic fields.

To distinguish them from macroscopic quantities, the fundamental, microscopic
variables will be assigned different symbols in this chapter. The microscopic density
of charge (including both free and bound charges) is denoted 7, while the micro-
scopic density of current (including both free and bound currents) is denoted J.
The microscopic electric field is denoted e, and the microscopic magnetic field is
denoted b. These quantities are related by the microscopic Maxwell equations,

1

V-e = —n, (4.1.1)
€0
Vb = 0, (4.1.2)
ob
- = 4.1.
Vxet o 0, (4.1.3)
V xb-— 60/.1/0% = /.L()J, (414)

which are the same as in Chapter 1. The macroscopic density of free charge will be
denoted p, while the macroscopic density of free current will be denoted 7. These
are obtained from the microscopic quantities by removing the contribution from
the bound charges (those that are tied to the molecules and become part of the
medium’s electromagnetic response) and by macroscopic smoothing; the precise
relationships will be given below. The macroscopic fields will be denoted E, D,

53
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B, and H. The macroscopic electric field E is obtained from e by macroscopic
smoothing, and D accounts for the electric polarizability of the medium; precise
relationships will be given below. Similarly, the macroscopic magnetic field B is
obtained from b by macroscopic smoothing, and H accounts for the magnetization
of the medium; precise relationships will also be given below.

4.1.2  Macroscopic smoothing

Microscopic quantities fluctuate widely over atomic distances, and we would like
to smooth out these fluctuations to define corresponding macroscopic quantities.
For example, the charge density 1 switches from zero to infinity whenever a point
charge is encountered, and we would like to replace this by a quantity that varies
smoothly to reflect only macroscopic changes of density.

One simple-minded way of smoothing out a microscopic quantity f is to average
it over a volume V(x) centered at some position x; this volume is imagined to be
microscopically large (so that all microscopic fluctuations will be averaged over)
but macroscopically small (so that variations over relevant macroscopic scales are
not accidentally discarded). The averaging operation is an integration of f over the
volume V(z): (f(z)) =V~ [ f(z') &', where the domain of integration consists
of all points @’ that lie within V(). If the volume is a sphere of radius R, then the
condition is |z — 2’| < R, and (f(x)) can be expressed as

7 [ 1@8E= - s,

with a now infinite domain of integration.

In this averaging operation it is convenient to replace the sharply defined func-
tion V=16(R — |x —z'|) by a better-behaved function w(z — ') that smoothly goes
from V! when 2’ = x to zero when @’ is far away from . Such a function, whose
detailed specification is not required, will be called a smoothing function; a specific
choice would be a Gaussian function of width R centered at  —x’ = 0. The smooth-
ing function is required to be normalized, in the sense that [w(x — z’)d®z’' = 1.

We define the macroscopic average of a microscopic quantity f(¢,x) to be

F(t,z) = (f(t,z)) = /f(t,:v')w(a: —z')d*r, (4.1.5)

where w is a suitable smoothing function (assumed to be normalized) and the
integration is over all space. The property that w does not have sharp boundaries
implies that the operations of averaging and differentiation commute. For example,

Vo(f(t,2)) = (Vaf(t,2)), (4.1.6)

and the same is true of time derivatives. This important result follows by straight-
forward manipulations. Consider, for example,

o)

B = /f(t,w')(%w(w—w') 3z’

= —/f(t,w')%w(w—m')d%'
0

8_.7]:’ w(x — 2') d®z’'

(o2)

In the second line we use the fact that w depends on the difference x — x’, so that a
derivative with respect to z is minus a derivative with respect to z’. In the third line
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we integrate by parts, noting that the boundary terms at infinity do not contribute
because w vanishes there; the result is by definition the average of the microscopic
quantity 0f /0.
Following the usage introduced in Eq. (4.1.5), we define the macroscopic electric
field to be
E(t,z) = (e(t,z)), (4.1.7)

and the macroscopic magnetic field to be
B(t,z) = (b(t,z)). (4.1.8)

Because differentiation and averaging are commuting operations, the macroscopic
form of Maxwell’s equations are

1
V-E = —(n), (4.1.9)
€0
V-B = 0, (4.1.10)
OB
EFE+— = 4.1.11
V x E + B 0, ( )
E
VxB—eouoaa—t = polJ). (4.1.12)

The homogeneous equations (4.1.10) and (4.1.11) are the same as their microscopic
version, but the inhomogeneous equations (4.1.9) and (4.1.12) involve a macroscopic
averaging of the source terms.

4.1.83 Macroscopic averaging of the charge density

We distinguish between the charges that can move freely within the medium — the
free charges — and the charges that are tied to the molecules — the bound charges.
We will consider the bound charges to be part of the medium and remove them
from the right-hand side of Maxwell’s equations, which will then involve the free
charges only. The influence of the bound charges will thus be taken to the left-hand
side of the equations; it will be described by new macroscopic quantities, P (electric
polarizability of the medium) and M (magnetization of the medium). From these
we will define the new fields D = ¢ FE + P and H = B/ — M.

In Fig. 4.1 we have a picture of the charge distribution in the medium. Let x 4 (%)
be the position vector of the free charge g4 labeled by “A”, and let v4(t) = dx4/dt
be its velocity vector. Let x,, be the position vector of the centre of mass of the
molecule labeled by “n”; for simplicity we assume that the molecules do not move
within the medium. Finally, let 5 (¢) be the position vector of the bound charge
gp labeled by “B” within a given molecule, relative to the centre of mass of this
molecule, and let vp(t) = dep/dt be its velocity vector.

The density of free charge is

Miree(t, T) = > qad(x — za(1)). (4.1.13)
A

[{3e)}]

The density of bound charge within the molecule labeled by “n” is

m(t,2) =Y qed(z — 2, — z5(t)). (4.1.14)

We assume that each molecule is electrically neutral, so that > 5 ¢ = 0. The
density of bound charge is then

nbound(tym) = Znn(taw)a (4115)
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0° 0

Figure 4.1: The left panel shows the free charges (small solid disks) and molecules
(large open circles) in the medium. The right panel shows the distribution of bound
charges within a given molecule.

and the total density of charge is 7 = Nfree + Mbound-
We first calculate the macroscopic average of the molecular charge density. We
have

(mn) = /nn(t,m')w(m—m’)d3x’

ZQB /5(93' -z, —zp)w(z — ') d*z’
B

Zqu(:z: -z, —Tp).

B

The function w(x — x,, — ) is peaked at ¢ = x,, + xp. Because the scale R over
which w varies is very large compared with the intra-molecular displacement x g,
we can approximate w by Taylor-expanding about  — x,,:

1
w(@ —x, — ) =w(x —x,) —2{Vw(x —z,) + Ez’%x%vavbw(w —z')+--,
where to avoid confusing the notation we make the vectorial index on g a super-
script instead of a subscript. (Recalling that repeated indices are summed over, we
have that 2%V, stands for g - V.) Substituting this into the previous expression
yields

1
() = Z qBwW — Z qTEVw + 5 Z x2SV Vow + - - -,
B B B

where w now stands for w(x —x,). We simplify this equation by recalling that each
molecule is electrically neutral, so that the first sum vanishes. In the second term
we recognize the expression for the molecular dipole moment, p, = > 5 ¢pTB, or

pa(t) = qpi(t), (4.1.16)

and in the third term we recognize the expression for the molecular quadrupole
moment,

Q(t) =3 gpah(t)ay(t). (4.1.17)
B

Notice that this actually differs from the definition made in Sec. 2.10: here our
quadrupole moment is not defined as a tracefree tensor. Combining these results
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gives
1
(m(t,x)) = —pL ) Vew(z — x,) + EQZb(t)Vavbw(m —Zy) + - (4.1.18)
for the molecular charge density.

The macroscopic average of the density of bound charge is obtained by summing
(nn) over all molecules. This gives

1
(Mbound) = — zﬂ:pﬁivaw +3 zﬂ: QY Vow + - - -

-V, prbw—#lv VbZQ‘;bbw%----

n

-V, <2p —mn>+ VVb<ZQ“b6w—mn)>+- ,

because w = w(x — x,,) is the macroscopic average of 6(x — ). The quantities

xT) = <Z pa(t)o(x — wn)> = macroscopic polarization (4.1.19)

and

Qup(t, x) <Z QY (t)d(x — a:n)> = macroscopic quadrupole density  (4.1.20)

have a straightforward physical interpretation. Consider, for example, Eq. (4.1.19).
The quantity within the averaging brackets is >, p%d(x — x,), the sum over all
molecules of the product of each molecule’s dipole moment with a §-function cen-
tered at the molecule. This is clearly the microscopic density of molecular dipole
moments, and P, is its macroscopic average. So the vector P(t,z), called the macro-
scopic polarization, is nothing but the macroscopic average of the dipole-moment
density of the medium’s molecules. Similarly, Q.s(t, ) is the macroscopic average
of the molecular quadrupole-moment density. In terms of these we have

1
(Mbouna(t,®)) = =V Po(t, ) + EVaVanb(t, x)+--- (4.1.21)

for the macroscopic average of the density of bound charge.
The average of the free-charge density is simply

p(t, ) = (Nree(t, T)) = <Z qad(x — a:A)>, (4.1.22)
A
and the macroscopic average of the total charge density is therefore
1

(n) =p—V-P+6VaVanb+---. (4.1.23)

Substituting this into Eq. (4.1.9) yields
1
Va <€0Ea + P, — EV,,QG;, + - ) = p.

The vector within the large brackets is the macroscopic field D(t,x), and we arrive
at
V-D =p, (4.1.24)
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with the definition 1
D, =¢kE, + P, — EVanb + - (4125)

Notice that this macroscopic Maxwell equation involves only the density of free
charges on the right-hand side, and that apart from a factor of ¢y, the effective
electric field D is the electric field E augmented by the electrical response of
the medium, which is described by the molecular dipole-moment and quadrupole-
moment densities. In practice the term involving Q. in Eq. (4.1.25) is almost
always negligible, and we can write D = ¢y E + P.

4.1.4  Macroscopic averaging of the current density

Following the definitions of Egs. (4.1.13)—(4.1.15) we introduce the current densities

Tiee(t, ) = Y qava(t)d(z — zalt)), (4.1.26)
A

Jn(t,x) = ZqBvB(t)(S(:v—wn—wB(t)), (4.1.27)
B

Joound(t,x) = Y Jn(t, ), (4.1.28)

and the total microscopic current density is J = Jiee + Jbound-
The macroscopic average of the molecular current density is

(Jn) = Zv%w(w —Tp —TB)

B
Y amvhw— Y aneabViw oo,
B B

where w stands for w(x — x,,) in the second line. In the first term we recognize
the time derivative of the molecular dipole moment, dp?/dt = (d/dt) > 5 gz} =
> g qBvE- To put the second term in a recognizable form we define the molecular
magnetic moment by

1
mn(t) = B qu(mB X ’UB) (4.1.29)
and we note that the vector Vw x m,, has components
1
(Vw x m,)" = 5 ;qB (2%l — vhal) Viw
1
= 3 Z B (zHvl + vhal) Vew — Z qpv s, Vyw
B B
1 d ab a b
= g EQ" Vyw — ZqBvBmBwa,

B

recalling the definition Q2* = 3" B qpx%l for the molecular quadrupole moment.
Combining these results gives

() = g (i = GV + (Twxm,) e (4130

and summing over n yields

<J](glound> = %(szw — %VbZQwa> —+ (V X Zmnw)a + -,
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_ % (<ZP7J5($ - wn)> - %Vb<z szé(w - -’Bn)>>

[ (Smita )]

Introducing

M(t,z) = <Z m,(t)d(x — :cn)> = macroscopic magnetization (4.1.31)
n

as the macroscopic average of the magnetic-moment density of the medium’s molecules,
we finally arrive at the expression

(Jhound) = %(Pa - %Qab) (VX M)+ (4.1.32)

for the macroscopic average of the density of bound current.
The average of the free-current density is simply

ﬂmﬂz@m%@m»z<§:%mm@—mM> (4.1.33)
A
and the macroscopic average of the total current density is therefore
.0
@D:J+—(D—QE)+VXA4+~H (4.1.34)
ot
having used Eq. (4.1.25). Substituting Eq. (4.1.34) into Eq. (4.1.12) gives
oD
The vector within brackets is the macroscopic field H (¢, x), and we arrive at
oD
VxH—-—=3j 4.1.35
X 5 =7 ( )
with the definition
H = B/u — M. (4.1.36)

Notice that this macroscopic Maxwell equation involves only the density of free
currents on the right-hand side, and that apart from a factor of ug, the effective
magnetic field H is the magnetic field B diminished by the magnetic response of
the medium, which is described by the molecular magnetic-moment density.

4.1.5 Summary — macroscopic Mazwell equations

The macroscopic Maxwell equations are

V.D = p (4.1.37)

V-B = 0 (4.1.38)
VxE+%—Jf = 0, (4.1.39)

oD

-—— = 3. 4.1.4
V xH 5 J ( 0)

Here p is the macroscopic free-charge density, and j is the macroscopic free-current
density. The fields D and H are defined by

D=cE+P (4.1.41)



60 Electromagnetic waves in matter

and 1
H=—B-M, (4.1.42)
Mo
where
P= <2 P (t)d(z — :cn)> (4.1.43)
n
is the macroscopic polarization (p, = ) g is the molecular dipole moment)
and
M = <Zmn(t)(5(w - wn)> (4.1.44)

. . . — 1 . .
the macroscopic magnetization (m,, = 5 > g 4Bxp X vp is the molecular magnetic
moment).

4.2 Maxwell’s equations in the frequency domain

[The material presented in this section is also covered in Sec. 7.1 of Jackson’s text.]

We now begin our discussion of electromagnetic waves propagating in a dielectric
medium. We suppose that the medium is not magnetized, so that we can set M =0
is our equations. We further suppose that the waves are propagating in the absence
of sources, so that we can also set p = 0 and 57 = 0. Maxwell’s equations therefore
reduce to

V.D = 0 (4.2.1)
V.-B = 0, (4.2.2)
0B
VxB-— uoaa_lz = o, (4.2.4)

where D = ¢ E + P.

We want to form plane-wave solutions to these equations, and examine how
the waves interact with the medium. We shall assume that the medium is uniform,
isotropic, and unbounded, and leave unexplored issues of reflection and transmission
at boundaries. To begin we will look for monochromatic waves oscillating with an
angular frequency w. We therefore set

Et,z) = E(x)e ™, (4.2.5)
D(t,z) = D(z)e ™, (4.2.6)
Pt,x) = P(z)e ™, (4.2.7)
B(t,z) = B(z)e ™!, (4.2.8)

with the understanding that only the real parts of these complex fields have physical
meaning.

The restriction to monochromatic waves is not too severe. Because the field
equations are linear (assuming, as we shall verify below, that the relation between
D and E is itself linear), solutions with different frequencies can be added to form
wave-packet solutions. For example, we can express the electric field as

E(t,z) = \/% 1 Y Bw,z)e  do, (4.2.9)

in terms of the frequency-domain field E(w, x); this is a Fourier representation of
the electric field. The inverse transformation is

Bw,z) = \/LZ_W / B(t,z)e dt, (4.2.10)
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and frequency-domain fields D(w,z), P(w,z), B(w,z) can be defined a similar
way.
The frequency-domain fields satisfy the equations

V-D = 0 (4.2.11)
V-B = 0, (4.2.12)
VxE—iwB = 0, (4.2.13)
V x B+iwmD = 0, (4.2.14)
and we have the relation
D =¢E + P. (4.2.15)

These are the sourceless Maxwell equations in the frequency domain. They can only
be solved once an explicit relationship (called a constitutive relation) is introduced
between the polarization P and the electric field E. The constitutive relation
describes the medium’s response to an applied electric field, and its derivation is
based on complicated molecular processes. While quantum mechanics is required
for a proper treatment, in the next section we shall consider a simple classical model
that nevertheless captures the essential features.

4.3 Dielectric constant

[The material presented in this section is also covered in Sec. 7.5 of Jackson’s text.]

We suppose that the medium is sufficiently dilute that the electric field felt
by any given molecule is just the applied field E itself, the field exerted by other
molecules being negligible. We assume that in the absence of an applied field, the
molecular dipole moment is zero, at least on average. When an electric field is
applied, however, some of the molecular charges (the electrons) move away from
their equilibrium positions, and a dipole moment develops.

The displacement of charge g from its equilibrium position is denoted &g (#).
This charge undergoes a motion that is governed by the applied electric field (which
tends to drive £ away from zero) and the intra-molecular forces (which tend to drive
the charge back to its equilibrium position). We model these forces as harmonic
forces, all sharing the same natural frequency wy. What we have, therefore, is a
system of simple harmonic oscillators of natural frequency wy that are driven at
a frequency w by an applied force. Since the motion of the charges will produce
electromagnetic radiation, energy will gradually be removed from the oscillators (to
be carried off by the radiation), and the oscillations will be damped; we incorporate
this effect through a phenomenological damping parameter v > 0. The equations
of motion for the charge gp are therefore

mg (€ + 7€ + wi€) = s E(w, zn)e ™™, (4.3.1)

where overdots indicate differentiation with respect to t. Notice that the applied
electric field, which is macroscopic and varies slowly over intra-molecular distances,
is evaluated at the molecule’s centre of mass. To solve the equations of motion
in the steady-state regime we write £€p(t) = £pe ™! and we substitute this into
Eq. (4.3.1). This yields

Enw) = /M o z,) (43.2)

2 2 _
wj — w? —iyw

for the frequency-domain displacement.
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The molecule’s dipole moment is p, = )z gr(B + £€B), where zp is the equi-
librium position of charge ¢p. Because the dipole moment vanishes at equilibrium,
this reduces to p, = Y g gp€p. Substituting Eq. (4.3.2) then gives

2
- qgp/mp -
L=S"_IBIMB__ B, g,

P %:wg—w"’—z’yw (@, @n)

Since all the contributing charges gp are electrons, we can write Y. 5 ¢%/mp =
Ze? /m, where Z is the number of electrons per molecule, e the electronic charge,
and m the electron’s mass. We therefore arrive at
Ze? 1 ~
prnw) = ——————F(w,x 4.3.3
Pu(e) = o P ) (43.3)
for the molecular dipole moment in the frequency domain.
The polarization vector is then

<Zﬁn5(w - wn)>
- (Y Bweie—o)

2 _ .2 _,
m w§ —w? —iyw

P

n

. Z_GQQ;E(OJ,;B)(Z 5w — ).

O
m wy— w? —iyw

The quantity within the averaging brackets is the microscopic molecular density. Its
macroscopic average is therefore the medium’s density N (the number of molecules
per macroscopic unit volume), which we take to be uniform. We have arrived at

~ ZeN 1 ~
Pw,z) = P B i’wa(w,w) (4.3.4)

for the frequency-domain polarization. We recall that Z is the number of electrons
per molecule, that IV is the molecular number density, and that e and m are the
electron’s charge and mass, respectively. We notice that the relationship between
Pand E is linear, as was anticipated in Sec. 4.2.

The relationship between D = ¢ FE + P and E also is linear. We express it as

~ Ze’N 1 ~
D=e (1 + )E
eom wi —w? — iyw
or as 3
D(w,z) = ¢(w)E(w, x), (4.3.5)

having introduced the (complex, and frequency-dependent) dielectric constant

2
w
€w 4 S - (4.3.6)
€0 wi — w? —iyw
and the medium’s plasma frequency
Ze2N\'/?
= . 4.3.7
w=(2) (437)

Equation (4.3.6) is the product of a simplistic classical model. But a proper
quantum-mechanical treatment would produce a similar result, except for the fact
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0.5

Figure 4.2: Real and imaginary parts of the dielectric constant, as functions of
w/wg. To fit both curves on the same graph we removed 1 from Re(e/€p). The real
part of the dielectric constant goes through 1 at resonance. The imaginary part of
the dielectric constant achieves its maximum at resonance.

that the electrons actually oscillate with a discrete spectrum of natural frequen-
cies w; and damping coefficients ;. A more realistic expression for the dielectric

constant is then () s
Elw o 9 j
€0 _1+wpzw2—w2—i'y-w
i ’

where f; is the fraction of electrons that share the same natural frequency w;. In the
rest of this chapter we will continue to deal with the simple expression of Eq. (4.3.6).
It is good to keep in mind, however, that the model is a bit crude.

In Fig. 4.2 we plot the real and imaginary parts of the dielectric constant. You
will notice that for most frequencies, when w is not close to wg, Re(e/€g) increases
with increasing w, and Im(e/eg) is very small; this typical behaviour is associated
with normal dispersion. When w is very close to wg, however, the electrons are
driven at almost their natural frequency, and resonance occurs. Near resonance,
then, Re(e/ep) decreases with increasing w, and Im(e/€p) is no longer small; this
behaviour is associated with anomalous dispersion. In realistic models the number
of resonances is larger than one: there is one resonance for each natural frequency
LUj.

At low frequencies the dielectric constant behaves as €/eg ~ 1 + (w,/wo)?, and
is therefore a constant slightly larger than unity. At high frequencies it behaves as
€/€o ~ 1 — (wp/w)?, and therefore approaches unity from below.

4.4 Propagation of plane, monochromatic waves

[The material presented in this section is also covered in Sec. 7.1 of Jackson’s text.]
After making the substitution of Eq. (4.3.5), the frequency-domain Maxwell
equations (4.2.11)—(4.2.14) become

V-E =0 (4.4.1)
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V-B = 0, (4.4.2)
VxE—-iwB = 0, (4.4.3)
V x B +iwe(w)uE = 0. (4.4.4)

We recall that the time-domain fields are reconstructed, for example, as E = Eeiwt
if the wave is monochromatic, or as in Eq. (4.2.9) if the wave possesses a spectrum
of frequencies. _ _

Tt is easy to show that as a consequence of Eqs. (4.4.1)—(4.4.4), both E and B sat-
isfy a frequency-domain wave equation. For example, taking the curl of Eq. (4.4.3)
gives _ _

V x (V x E) —iwV x B =0;

substituting Eq. (4.4.4) and making use of the vectorial identity V x (V x E) =
V(V - E) — V2E puts this in the form

(V2 + k) E(w,z) =0, (4.4.5)
where 2 ()
w” e(w
k=S5 = 4.4.6
Z e (4.4.6)
We have introduced a complex wave number k(w), and we recall that ¢ = (eopo) /2
is the speed of light in vacuum. Similar manipulations return
(V2 +k*)B(w,z) = 0, (4.4.7)

the statement that the magnetic field also satisfies a wave equation.

To see how monochromatic electromagnetic waves propagate in a dielectric
medium, consider any component of E or B, and call it ¢). Then suppose that
the wave is a plane wave that propagates in the z direction, so that ¢) = ¢)(z). The
wave equation simplifies to

(j—; + k2>1/~;(w, z) =0. (4.4.8)

A right-moving wave is described by the particular solution ¢ = e***. To help
identify the physical properties of this wave we substitute Eq. (4.3.6) into Eq. (4.4.6)

and get
o _ W’ wﬁ
F=—(1+ —7— ). 4.4.
02( +w§—w2—i'yw) (44.9)

To be concrete we suppose that the second term within the large brackets is small.
Taking the square root gives

w wy
=—|1
k c[ +2(w3—w2—i7w)]’

or
k =kgr +ikg, (4.4.10)

where

k—9{1+ (0 — ) }
BT 2[(wg — w?)? + y2w?]

is the real part of the complex wave number, while

P w2yw
I 2w — w?)? +72w?]
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is its imaginary part.
The right-moving wave is therefore described by

WU(t, 2) = P(w, 2)e Wt = e~ k2 U wi=—krz) (4.4.11)

From this expression we recognize that the wave is indeed traveling in the positive

z direction, with a speed
w c

T krw)  nw)

(4.4.12)

Up

known as the phase velocity; n = ckgr/w is the medium’s indez of refraction. From
our previous expression for kr we obtain

wi(wh — w?)

=1
nEA 2[(wE — w?)? +7y2w?]’

and we see that n ~ 1+ % (wp/we)? > 1 for low frequencies, so that v, < c. On the
other hand, n ~ 1 — 1 (wp/w)? < 1 for high frequencies, so that v, > c¢. The phase
velocity of the wave can therefore exceed the speed of light in vacuum! This strange
fact does not violate any cherished relativistic notion, because a monochromatic
wave does not carry information. To form a signal one must modulate the wave
and superpose solutions with different frequencies. As we shall see, in such situations
the wave always travels with a speed that does not exceed c.

Another feature of Eq. (4.4.10) is that the wave is an exponentially decreasing
function of z provided that k; is positive, which is guaranteed to be true if v > 0.
A positive damping constant means that some of the wave’s energy is dissipated by
the oscillating electrons (which emit their own electromagnetic radiation), and the
wave must therefore decrease in amplitude as it travels through the medium. It is
interesting to note that in the case of lasers and masers, the electronic oscillations
actually reinforce the wave and lead to an exponential amplification instead of an
attenuation; in such media the damping constant is negative.

Having constructed solutions to Eqs. (4.4.5) and (4.4.7), we should examine
what constraints the full set of equations (4.4.1)—(4.4.4) place on these solutions.
We write

E(w,2) = éEy(w)e*@)? (4.4.13)

and _
B(w, 2) = bBy(w)e* )=, (4.4.14)

where & and b are real unit vectors, and where Ey and By are complex amplitudes.
Substituting these expressions into Eqs. (4.4.1) and (4.4.2) informs us that the unit
vectors are both orthogonal to 2,

é-2=b-2=0; (4.4.15)

the fields are therefore transverse to the direction in which the wave propagates.
Equation (4.4.3) then produces Bob = (k/w)Ey(Z x €), which implies

Bo(w) = @Eo(w) (4.4.16)
and
b=2xeé. (4.4.17)

These equations state that the magnetic field is orthogonal to the electric field, and
that its amplitude is linked to that of the electric field. Finally, Eq. (4.4.4) gives us
By(2 x b) = —(k/w)Epé, which merely confirms Eqs. (4.4.16) and (4.4.17).
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4.5 Propagation of wave packets

[The material presented in this section is also covered in Secs. 7.8 and 7.9 of Jack-
son’s text.]

4.5.1 Description of wave packets

In this section we shall assume, for simplicity, that e(w) is real: we work away from
resonances and ignore dissipative effects. We let k(w) be the positive solution to
Eq. (4.4.6).

A wave packet is obtained by superposing solutions to Eq. (4.4.8) with different
frequencies w. Including both left- and right-moving waves, we write

Y(t, z) = \/% /_Z [a.,.(w)eik(w)z +a_ (w)e*ik(w)z] e “tdw, (4.5.1)

where a1 (w) are complex amplitudes that determine the shape of the wave packet.

Alternatively, and more conveniently for our purposes, we can instead superpose
solutions with different wave numbers k. Defining w(k) to be the positive solution
to Eq. (4.4.6), we write

bt 2) = \/% / - [A+(k)ei“(’°)t +A (k)aiw(k)t] etk dk, (4.5.2)

and it is not too difficult to show that the decomposition of Eq. (4.5.2) is equivalent
to that of Eq. (4.5.1).

The complex amplitudes Ay (k) are determined by the initial conditions we wish
to impose on 9(t, z) and its time derivative. It follows from Eq. (4.5.2) that

0(0, 2) = \/i?_ﬂ [ AL () + A (k)] ™ d,

and Fourier’s inversion theorem gives

Ap(k)+A_(k) = \/%_ﬂ /fo ¥(0,2)e ** dz.

On the other hand, differentiating Eq. (4.5.2) with respect to ¢ produces

$(0,2) = \/% /:’0 iw(k) [A4 (k) — A_(k)]e™ dk,

and inversion gives

i) [ A4 () = A- (0] = —= [~ (0,207 d.

Solving for A (k), we finally obtain

11 = L —ikz
Werd AR [¢(0,z) + iw(k)ip(o,z)]e dz. (4.5.3)
The procedure to follow to construct a wave packet is therefore to choose an ini-
tial configuration by specifying (0, 2) and (0, 2), then calculate AL (k) using
Eq. (4.5.3), and finally, obtain (¢, z) by evaluating the integral of Eq. (4.5.2).

In the following discussion we will choose the initial configuration to be time-
symmetric, in the sense that

As(k) =

¥(0,2) = 0. (4.5.4)
Equation (4.5.3) then simplifies to
= 7zkz
A() = Au(k 2 = / 0(0, 2)e** dz, (4.5.5)

and we have an equal superposition of left- and right-moving waves.
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4.5.2  Propagation without dispersion

Let us first see what the formalism of the preceding subsection gives us when there
is no dispersion, that is, when n = c|k|/w is a constant independent of k. We then
have

w(k) = vp|k|, (4.5.6)

where v, = ¢/n is the wave’s phase velocity.
For time-symmetric initial data, Eq. (4.5.2) reduces to

1 > X ) )
w(t, Z) = E/ A(k) I:el\k\’vpt +efz|k|vptj| ezk;z dk.

The factor within the square brackets is 2 cos(|k|vpt) = 2cos(kvpt), and we can
therefore replace the previous expression with

1 [ , .
¢(t,z) = \/_2_71-/ A(k) [ezk(z+vpt) + ezk(zfvpt)] dk.

But from Eq. (4.5.5) we have

and substituting this gives

1 [ 1 [, , , )
¢(t,z) = 5‘/ dzlw((],zl)%/ [ezk(z+vpt—z)+ezk(z—vpt—z )] dk

- 3 /Z d2'p(0,2') [8(z + vyt = ') + 3z — vyt = 2]

or
Wit 2) = %1/)(0, 2+ vpt) + %«p(o, R (4.5.7)

The first term on the right-hand side is (half) the initial wave packet, (0, 2),
translated in the z direction by —uv,t; it represents that part of the wave packet
that travels undisturbed in the negative z direction with a speed v,. The second
term, on the other hand, is the remaining half of the wave packet, which travels
toward the positive z direction with the same speed vj.

The main features of wave propagation without dispersion are that the wave
packet travels with the phase velocity v, = w/k and that its shape stays unchanged
during propagation.

4.5.3 Propagation with dispersion

Let us now return to the general case of propagation with dispersion. Here w is a
nonlinear function of &, and for time-symmetric initial data we have

1 o0 . ) )
¢(t7 Z) = \/T/ A(k) [ezw(k)t + e—zw(k)t ezkz dk.
T J—c0

To be concrete, suppose that A(k) is sharply peaked around k = kg, with ko some
arbitrary wave number. [A proper treatment would have A(k) be a symmetric
function peaked about both k = kg and k = —kg. Unlike what we shall find below,
this would produce a real wave function 1(t,z). It is not difficult to make this
change, but we shall not do so here.] Suppose further that w(k) varies slowly near
k = ko, so that it can be approximated by

w(k) = wo + wy(k — ko) = (wo — woko) + wok, (4.5.8)
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Figure 4.3: Group velocity v, in a dielectric medium, in units of ¢, as a function
of w/wo.

where wy = w(ko) and wj = (dw/dk)(ko). Then the wave packet can be expressed
as

1 o0 - ! : ! . ! . 1
w — A(k) I:ezk(z+w0t)ez(wofw0ko)t +ezk(z7w0t)efz(w07w0ko)t dk
Var J_ s

. 1 ]_ o0 . 12
ez(wo —woko)t A(k)ezk(z—i-wot) dk
V2T J o

+ e*“wr%ko)t—; / T AR)eHC 0 g,
T J—c0

or
W(t, 2) = €0 9ORNY(0, 2+ vt) + e LWk Y0, 2 — w,t), (4.5.9)
where o
vy = %(kg) (4.5.10)

is known as the group velocity. From Eq. (4.5.9) we learn that in the presence
of dispersion, the wave packet travels with the group velocity v, instead of the
phase velocity v, = ko/wo. And the phase factors indicate that the shape of the
wave suffers a distortion during propagation. These are the main features of wave
propagation in a dispersive medium.

If the dispersion relation is expressed as k = n(w)w/c, in terms of the index of
refraction n(w), then dk/dw = ¢~ 1[n + w(dn/dw)] and

Vg 1

. = T o@D (4.5.11)

For the dielectric medium described in Sec. 4.3,
w2(wd — w?)

2 P
n° =1+
(c ,g w?)? + 42w?’

and the group velocity is plotted in Fig. 4.3. You will notice that v, is smaller
than ¢ for most frequencies, but that it seems to exceed ¢ near resonance. This
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phenomenon is entirely artificial: when w is close to wq it is no longer true that w
is a slowly varying function of k, and the approximations involved in defining the
group velocity are no longer valid. Furthermore, the imaginary part of w, together
with the dissipative effects it represents, cannot be neglected near resonance. The
bottom line is that the very notion of group velocity is no longer meaningful near a
resonance.

4.9.4  Gausstan wave packet

As a concrete example of wave propagation with dispersion we consider an initial
configuration given by
2 2
¥(0,2) = e=* /L7 cos(ko2); (4.5.12)

this is an oscillating wave (with wave number ko) modulated by a Gaussian envelope
of width L. Once more we take the initial data to be time-symmetric, and we
impose (0, z) = 0. In order to be able to carry out the calculations we shall take
the dispersion relation to be

w(k) = 1/(1 + %oﬁk?), (4.5.13)

where v is a minimum frequency and « an arbitrary length scale. This dispersion
relation is not particularly realistic, but its quadratic form will allow us to evaluate
the integrals that will appear in the course of our analysis. These will have the form
of Gaussian integrals, and we quote the standard result

oo b2
/ e—az2+bz+c dz = \/gexp (E + c) . (4514)
—o0

Here the constants a, b, and ¢ can be complex, but Re(a) must be positive for the
integral to converge.

We first calculate the Fourier amplitudes associated with Eq. (4.5.12). Equation
(4.5.5) gives

Ak) = 2\/ﬂ/ (0, 2)e"** dz

11 b 2 2 . )
_ 1 2212 [ —i(k—ko)z | ,—i(k+ko)z
1 —m e [e +e ] dz.

For the first integral we have a = 1/(2L?), b = —i(k — ko), ¢ = 0, and b?/(4a) =
—1(k — ko)*L?; for the second integral we simply make the substitution ko — —ko
in this result. Equation (4.5.14) then gives

A(k) = %[e—%(’“—ko)%z + e—%(’“+’“0>2L2]. (4.5.15)
We see that A(k) is a symmetric function of k, and that it is peaked at both k = kg

and k = —ko. The width of the distribution around both peaks is equal to 1/L.
The wave packet at times ¢t # 0 is given by Eq. (4.5.2),

1 > ; 1 > ;
— Ak ilkz—w(k)t] dk + / Ak i[kz+w(k)t] dk,
o=y | A0 Var o e

which we may also express as

¢= ]é /oo A( z[kz w(k)t] dk + / A —z [kz—w(—k)t] dk
V4T J -0
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Figure 4.4: Wave propagation with a high-frequency dispersion relation w(k) =
(w2 + ?k*)'/2, calculated numerically with the help of a Fast Fourier Transform
routine. The upper panel shows the initial wave profile, described by Eq. (4.5.12).
The lower panel shows two versions of the propagated wave. The first (lower curve)
is obtained without dispersion by setting w, = 0; this wave propagates with speed
¢ without altering its shape. The second (higher curve — the wave function is
translated upward for ease of visualization) is obtained with dispersion; this wave
spreads out as it travels with speed v, < c. Notice the drop in amplitude as the
initial wave packet splits into an equal superposition of left- and right-moving waves.
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having changed the variable of integration to —k in the second integral. Because
A(—k) = A(k) and w(—k) = w(k), we have

1 > .
Y = — A(k)e*z=<®)t g + complex conjugate,
V21 J o

2 o0 .
—Re A(k)eilkz—w ()] g

Substituting Eq. (4.5.15) then gives

L o0 1 272
R —a(k—ko) L7 gilkz—w(K)t] gp 4 (k0 — —k }
2V 27w e{/oo ‘ ‘ ! ( ’ 0)

Taking into account Eq. (4.5.13), we see that the argument of the exponential
function is a second-order polynomial in k, which we write as —ak? + bk + ¢, with
a= 3(L? +ivta?), b=koL? + iz, and ¢ = —(ivt + 2k3L?). With this we have

E _ (2! - ik0L2)2
da  2L2(1 +ivtf2)’
where f = a/L, and Eq. (4.5.14) yields
(2 —ikoL?)?
2L%(1 + ivt f?)
It is then a matter of straightforward algebra to bring this to its final form,

'¢:

Y= %Re{(l +ivtf2) Y 2exp [— ]e“’ték%L2 + (ko — —ko)}.

o(t,2) = lRe{(l +ivtf?) " 2exp [_M] gilkoz—w(ko)t]
2 20%(1 + vt f?)
+ (ko — —ko)}, (4.5.16)
where f = a/L and
vy = va’ko = Z—L,:(ko) (4.5.17)

is the group velocity at k = ko for the dispersion relation of Eq. (4.5.13).
Equation (4.5.16) informs us that the wave packet retains its Gaussian shape as
it propagates through the medium, but that its width increases with time:

L(t) = L1+ (f20t)2. (4.5.18)

The wave therefore spreads out, and this is a typical feature of propagation with
dispersion. In addition, we see that while the oscillations travel at the phase velocity
vp = w(ko)/ko, the centre of the Gaussian peak travels at the group velocity vgy;
this result was expected after the discussion of the preceding subsection.

A more realistic example of wave dispersion (calculated numerically) is displayed
in Fig. 4.4. Notice that the features discussed in the preceding paragraphs are
present in this example as well: the wave packet spreads out as it propagates with
a group velocity v, that is smaller than c.

4.6 Problems

1. (This problem is adapted from Jackson’s problem 7.19.) A wave packet in
one dimension has an initial shape given by (0, z) = f(z)e*°?, where f(z) is
the modulation envelope; the wave packet is assumed to be time-symmetric.
For each of the forms f(z) given below, calculate the wave-number spec-
trum |A(k)|? of the wave packet, sketch [¢(0,2)|> and |A(k)|?, calculate the
root-mean-square deviations Az and Ak from the means (defined in terms of
(0, 2)|* and |A(k)|?, respectively), and test the inequality AzAk > 1.
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a) f(z) = eI,

(z) = e /4
—alz| for a]z| < 1 and f(z) =0 for a|z| > 1;
for a|z| < 1 and f(z) =0 for az| > 1.

(<]
N’
~
—~~
N
N
I
- =

d) f(z) =

. We have seen that the relationship between the frequency-domain fields D

and F is _ _

D(w,z) = e(w)E(w, z),
where )

w
Q =1+ +

€0 wi —w? —iyw
Prove that as a consequence of this, the relationship between the time-domain
fields D and FE is

2

D(t,x) =€ [E(t,m) + L% / e 7 2sin(vr) E(t — T, ) dr|,
0

where v = /w2 — 772. This reveals that D at time ¢ depends on the electric
field at all previous times: the relationship is nonlocal in time. The exponen-
tial factor, however, indicates that delays longer than 1/~ do not matter very
much: only the electric field’s recent history is important.



CHAPTER b
ELECTROMAGNETIC RADIATION
FROM SLOWLY MOVING SOURCES

5.1 Equations of electrodynamics

In this chapter and the next we will explore some of the mechanisms by which
electromagnetic radiation is produced. While Chapter 6 will be concerned with
relativistic situations, here we shall restrict our attention to charge and current
distributions whose internal velocities are small compared with the speed of light.

We recall the main equations of electrodynamics, as we have formulated them
in Chapter 1. We have wave equations for the scalar and vector potentials,

1
Od(t,x) = —e—p(t,w) (5.1.1)
0
and
OA(t,z) = —poej(t, ), (5.1.2)
where )
_ 19 2
O=-555+V (5.1.3)

is the wave operator and ¢ = (eopuo)~'/? is the speed of light. For Eqs. (5.1.1)
and (5.1.2) to be equivalent to Maxwell’s equations, the potentials must satisfy the

Lorenz gauge condition,

108
S5 =0 (5.1.4)

Maxwell’s equations imply that the charge and current densities satisfy the conti-
nuity equation,

V-A+

ap .
.4 = 1.
En +V-73=0, (5.1.5)

which states that charge is locally conserved.
In the absence of boundaries, the wave equations have solutions

L [plt—|z—=/c,a) 5 ,
P = 1.
(t,x) 47r60/ o d’z (5.1.6)
. (¢ — | "I/e, ")
7! = —2x|/c,x
A(t,x) = ﬁ/ z— 2] dz'; (5.1.7)

these are retarded solutions, which incorporate the physically appropriate causal
relationship between sources and fields.

73
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From the potentials we obtain the fields via the relations

0A
FE = 5 Ve (5.1.8)
and
B=V x A. (5.1.9)

And finally, we recall from Sec. 1.4 that the fields carry energy. The electromagnetic
field energy density is given by

1 1
t,x) = —eFE?+ —B? 1.1
e(t,z) = Seo B + o (5.1.10)
and the energy flux vector (Poynting vector) is
1
S(t,z) = —E x B. (5.1.11)

o

5.2 Plane waves

The simplest situation featuring the production of electromagnetic waves involves
monochromatic plane waves. These are generated by a planar distribution of
charges, all oscillating in the plane with the same frequency w.
We take the charge distribution to be uniform in the z-y plane, so that the
charge density is given by
p(t,x) = 0d(z), (5.2.1)

where ¢ is a constant surface density. Notice that the charge density is actually
time independent. The resulting scalar potential will also not depend on time, and
the electromagnetic waves will be described entirely by the vector potential.

We take each charge to be oscillating in the z direction with a velocity

v(t,x) = vo& coswt. (5.2.2)

Notice that the velocity vector is actually independent of position in the plane, and
that & is actually an arbitrary direction within the plane; we could pick another
direction by rotating the z-y coordinates around the z axis. The current density is

j(t, x) = oved(2)E coswt, (5.2.3)

and we will calculate the associated vector potential without approximations.
In principle we might proceed by substituting Eq. (5.2.3) into Eq. (5.1.7), but
it is easier to start instead with the equivalent form

_@ Y ,5(t—t’—|m—:t:’|/c) 1331
A(t,m)_4ﬂ/3(t,m) P dt' &

in which we substitute Eq. (5.2.3) expressed in terms of primed variables. We have
Ho “ ! ! !
At,z) = 4—avom/dt T(t —t',x) coswt,
m

where
t—t' — |z —a'|/c)

d3 !
EErd ?

rit-t,z) = /5(z')5(

is an integral that we must now evaluate.
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Integration over dz’ is immediate:

o [ M TP GTP R
o= P + g+ 2 |
or
r— / 0t —t — /22 + 9y +22/c) dz'dy’

after translating the origin of the (z',3') coordinates to the point (z,y); this is
allowed, because the domain of integration is the whole z'-y' plane. To integrate
this we make the change of variables #' = fcos6, y' = £sinf. This gives, after
writing dz'dy’ = £ d¢df and integrating over db,

r— 277/“’ §(t—t' — VP +22/c)
0 ViE2 4 22
The easiest way to integrate over the d-function is to make its argument be the
integration variable. So let s = V2 + 22/c — At, where At =t —t'. Because £ is
nonnegative, we have that s is bounded below by |z|/c — At. We also have
et tde
VEZE+22 s+ At)’

£de.

ds =

and the integral becomes

r= 27rc/ d(s) ds,
|z]/c—At

or
Tt—t,z)=2mc(t —t' —|2|/c),

where 6(s) is the step function, which is unity when s > 0 and zero otherwise.
Substituting this result into our previous expression for the vector potential, we
obtain

A(t,x)

50 (00 (2me)e / 4t 0t — |2| /e — ') cos wt’
4 —0o0

o t—|z|/c
= =2movocd / coswt’ dt’.
4 o
The dt' integral evaluates to w=! sinw(t — |z|/c), apart from an ambiguous constant
associated with the integral’s infinite lower bound. Since this constant will never
appear in expressions for the electric and magnetic fields, we simply set it to zero.
Our final expression for the vector potential is therefore

A(t,z) = % sinw(t — |2|/¢)&, (5.2.4)

where 1
E() = 5/.1/00'1)06 (525)

has the dimensions of an electric field. For z > 0 we have that sinw(t — |2|/c) =
sinw(t — z/¢) = —sink(z — ct), where k = w/c is the wave number, and we see
that the wave travels in the positive z direction with speed ¢. For z < 0 we have
instead sinw(t — |z|/c) = sinw(t + z/c) = sin k(z + ct), and the wave now travels in
the negative z direction. Thus, Eq. (5.2.4) describes a plane wave that propagates
away from z = 0, the place where it is generated; the wave has a frequency w, a
wave number k = w/c¢, and it travels with the speed of light.
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The time-dependent part of the electric field is obtained from Egs. (5.1.8) and
(5.2.4):
E(t,z) = —Epcosw(t — |z|/c)&. (5.2.6)

We see that the electric field behaves as a plane wave that travels away from z =0
with the speed of light, and that it points in the z direction, which is perpendicular
to the direction of propagation. The magnetic field, on the other hand, is obtained
by taking the curl of Eq. (5.2.4). This involves differentiating |z| with respect to z,
which is +1 for z > 0 and —1if z < 0. Denoting this function by €(z) = 6(2) —6(—=z),
we have

B(t,2) = %e(z) cosw(t — |2]/¢)g. (5.2.7)

The magnetic field also is a plane wave that travels away from z = 0 at the speed of
light, and it points in the y direction, which is perpendicular to both the direction
of propagation and the direction of the electric field. Notice that E and B are
both proportional to cosw(t — |z|/c): the fields are in phase. Notice also that |B|
is smaller than |E| by a factor 1/c.

To finish off our discussion of plane electromagnetic waves, we calculate the
field’s energy density and flux vector. From Egs. (5.1.10), (5.2.6), and (5.6.7) we
obtain

e(t,z) = e Eg cos® w(t — |z|/c), (5.2.8)

and from Eq. (5.1.11) we get
S(t, z) = ce(2)e(t, 2)2. (5.2.9)

This shows that the electromagnetic field energy travels with the wave, in the pos-
itive or negative z direction, away from the source, and with the speed of light.
Let us summarize the main points:

e The plane wave travels in the (positive or negative) z direction with speed c.
e The electric and magnetic fields are perpendicular to £ and to each other.

e The fields are in phase.

e Their magnitudes are related by |B|/|E| = 1/c.

e The electromagnetic field energy travels with the wave.

These properties are generic: they are shared by all electromagnetic waves. The
only caveat is that in general, the direction of propagation is not uniform: the
constant vector Z goes into a vector 7. that may change from point to point.

5.3 Spherical waves — the oscillating dipole

[The material presented in this section is also covered in Secs. 9.1 and 9.2 of Jack-
son’s text.]

5.3.1 Plane versus spherical waves

Any function of the form
Y(t,z) = fEF z/c), (5.3.1)

where f(£) is an arbitrary function of £ = tF z/c, is a solution to the wave equation
Oy = 0. If £ = t— z/c, the plane wave travels in the positive z direction with speed
¢; if instead & = t + z/c, the wave travels in the negative z direction. To see that
Eq. (5.3.1) does indeed form a valid solution to the wave equation, we note that
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oY /ot = f'(€) while Oy /0z = Ff'(§)/c, where a prime indicates differentiation with
respect to &; substitution into the wave operator yields Oy = —c=2f" +¢=2f" =0,
as required.

Plane waves are not a very good approximation to realistic waves, which orig-
inate in a localized region of space and propagate outward with a decreasing am-
plitude. A better approximation that incorporates these features is the spherical
wave

d&ur)::%fU——r/@, (5.3.2)

where f(u) is an arbitrary function of w = ¢t —r/c. This is also a solution to Oy = 0.
Here the wavefronts are spherical instead of planar, and the wave propagates out-
ward in the radial direction; its amplitude decays as 1/r, giving rise to an intensity
that goes as 1/r?. That Eq. (5.3.2) forms a valid solution to the wave equation
follows by direct substitution: In the absence of an angular dependence the wave
operator reduces to
1 62 190 ,0
2o T 2ar or

Differentiating with respect to ¢ yields 8*¢/0t* = r~* f, while we have r204/8r =
—rf/c— f and

8 .0 1. 1 . 1. 1 .

5o = el tari = g
where an overdot indicates differentiation with respect to u. All this gives (Y = 0,
as required. Note that a similar calculation would reveal that ¢ = r=! f(t + r/c)
also is a solution to the wave equation; this wave travels inward instead of outward.

5.3.2 Potentials of an oscillating dipole

The simplest electromagnetic spherical wave is produced by an oscillating dipole
located at the origin of the coordinate system. Here and in the following subsections
we will calculate the potentials and fields produced by this dipole, and examine the
nature of the corresponding electromagnetic radiation.

In Sec. 2.3 we saw that the charge density of a point dipole could be expressed as
p(x) = —p-Vié(x), where p was a constant dipole moment vector. Here we introduce
a time dependence by making p oscillate with angular frequency w: p — pcoswt.
The charge density of an oscillating dipole is then

p(t,x) = —p - Vi(x) coswt. (5.3.3)
Notice that in this equation, p is still a constant vector, which we align with the z
axis: p = pZ2.
A time-varying charge density must be associated with a current density j,
because

V-j= —% = —wp- Vi(z) sinwt = V - [~wpd(z) sinwt].

The simplest solution to this equation is
J(t,x) = —wpd(x) sinwt, (5.3.4)

and this is the current density of an oscillating dipole.
We first compute the vector potential produced by the current density of Eq. (5.3.4).
Once more it is convenient to start with the expression

A@@:%/mmq
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After substituting Eq. (5.3.5) we obtain

——wp/dt s1nwt/ (x )6(t_t — [z —2'|/e) d*z’

|z — o]

=t =r/e)

A(t,x)

——wp/dt sin wt'

or
sinw(t —r/c)

; (5.3.5)

At,x) = —Z—;wp

This has the structure of a spherical wave, with its expected dependence on u =
t —r/c and its amplitude decaying as 1/r.

We may now compute the scalar potential. This calculation is a bit more labo-
rious, and we start with

O(t,z) =

o ot
/p(tl,.’lll)(s(t 3 |m z |/C) dtld3.’El.

4meg |z — 2|

After substituting Eq. (5.3.3) we get
1 ! ! !
o(t, ) =——p- | dt'T(t —t',x) coswt’,

47eq

where

8t —t' — |z — ' /c)

T(t—t',2) = / (V'5(z)]

is a vectorial integral that we must now evaluate.
Integration by parts allows us to write

P LB EEITE P

|z — o]

Because the dependence on x’ is contained entirely in |z — z’|, and because V’|x —

2’| = —(x — 2’)/|x — 2’|, evaluating the gradient gives
r - /5 t—t’—|a:—:c’|/c)+16’(t—t’—|a:—a:’|/c) z—a P’
|z — |2 c |z — 2| |z — 2’|
_ et =t —r/c) 1(5’(t—t’—r/c) z
B r? T r r’
or

mﬁ¢g@:_fﬁﬁ—f—wd+1&a—f—n@}

r2 c r

where 7 = x/r.
Substituting this result into our previous expression for the scalar potential, we
obtain

d(t,x)

/dt'[ - —r/c)+16’(t—t’—r/c)

coswt',
c r

7T60

and integrating against the d-functions gives

ot z) = R cosw(t —r/c) Esinw(t—r/c)]‘

4meg [ r? c r

One must be careful with the second term: a minus sign comes from the integration
by part needed to convert §'(t —t' —r/c) into an actual §-function, but this minus
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sign is canceled out because the prime on the J-function indicates differentiation
with respect to t — t' — r/c instead of ¢'. We express our final result as

P = Bpear + Puave; (5.3.6)
where
Ppear(t, ) = : L cos(wu) (5.3.7)
’ dmeg 12
and )
Pwave (t, ) = “p-i Sm(w“), (5.3.8)

dmeqg ¢ r

and where u =t — r/c is retarded time.

The scalar potential contains two terms. Of these, only ®yave has the mathe-
matical structure of a spherical wave. The other term, ®ear, has the structure of a
static dipole field,

1 p-7
T dweg 2

D gipole ()

to which a time dependence cos(wu) is attached. Unlike ®yaye, this term does not
represent electromagnetic radiation. Instead, ®Ppe,r describes the field of a point
dipole, and this field follows the dipole’s time dependence with the usual delay: the
coswt dependence of the dipole is replaced by cosw(t —r/c).

As the name indicates, ®pear dominates when r is small, while ®y,ye. dominates
when r is large. The scalar potential becomes purely radiative when r is sufficiently
large that @6, can be neglected; the region of space for which this is true is called
the wave zone. On the other hand, the region of space for which r is sufficiently
small that ®yave can be neglected in front of ®@e,, is called the near zone.

In the near zone we must have 1/r? > w/(cr), or

c 1 A
r <& T (near zone), (5.3.9)
where k is the wave number and A the wavelength. In the near zone, u =t—r/c~t
and the delay contained in the retarded time is hardly noticeable — the near-zone
field responds virtually instantaneously to changes in the source. In the wave zone
we have instead 1/r? < w/(cr), or

r> 5 = % = % (wave zone). (5.3.10)
Here the time delay is important, and the scalar potential behaves as a true spherical
wave. In the region of space where r is comparable to ¢/w, between the near zone
and the wave zone (a region that is sometimes called the induction, or intermediate,
zone), Ppear and Py ave are comparable, and the scalar potential behaves neither as
an instantaneously-changing dipole field nor as a spherical wave.

5.3.83 Wawve-zone fields of an oscillating dipole

Let us calculate the electric and magnetic fields in the wave zone. We use the
expressions
At z) = — 10 ,p S0 (5.3.11)
47 r
and

W oo sin(wu)

®(t,2) = , (5.3.12)

4dmeg ¢ T

where 4 = t — r/c is retarded time. Notice that Eq. (5.3.11) is exact, while
Eq. (5.3.12) is valid in the wave zone only.
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To do this calculation we will need to compute the gradient of

_ sin(wu)
ot = Y
We have Vi = (0¢/0r)Vr = (0v/0r)7 and
O sin(wu)  wcos(wu)
o 2 ¢ r

because du/Or = 1/c. But since we are working in the wave zone, the first term
can be neglected and we obtain the useful approximation

Vsin(wu) __w cos(wu)f‘ (5.3.13)
r c T
We might also need the gradient of p-#. To see what this is, consider its £ compo-
nent:
T 3
Vw(p' —) = —p—Q—‘F&a
r r2 r r
so that .
Vip-#) = M. (5.3.14)

The fact that this is of order 1/r means that the gradient of p - # will be negligible
in our forthcoming calculations.
The electric field is related to the potentials by Eq. (5.1.8),

E=——-Vo.
ot
Substituting Egs. (5.3.11) and (5.3.12), we obtain
1 . .
g M 2 cos(wu) w s1n(wu)v(p )+ (p- TA)Vsm(wu)
A r dmeq ¢ r r

Using Eq. (5.3.14) shows that the first term within the square brackets is of order
1/r? and can be neglected in the wave zone, while using Eq. (5.3.13) gives

Ho 2 cos(wu) 1 w? )

cos(wu) ;
4 r 4mey c2 r )

FE =

Collecting the terms and recalling that eouo = 1/c? brings this to its final form

A\ A7 COS{WU
Eyave(t,x) = Z—;aﬂ [p—(p-7)7] ¥ (5.3.15)

This has the structure of a spherical wave, and we notice that FEyaye iS transverse
to the direction in which the wave propagates:

Eygave -7 = 0. (5.3.16)
If, for concreteness, we let p point in the z direction, then p = pZ, # = sin 0 cos ¢& +
sinfsin ¢g + cos#Z, p-F = pcosd, and p — (p - #)# = —psinf(cosf cos 2 +

cos @ sin ¢pg—sin62) = —psin #6, where 0 is a unit vector that points in the direction
of increasing 6. This yields

Ewave(t;w) = —Z—;WQPSiHG(DSE_iwwé (5.3.17)

for the electric field.



5.3 Spherical waves — the oscillating dipole 81

The magnetic field is obtained by taking the curl of the vector potential. We
have

B(t,z) = Z—;wp X VM,

and Eq. (5.3.13) gives us

2
&w_(ﬁ N )cos(wu)-

Buave(t,x) = 47 ¢ r

(5.3.18)

The magnetic field also is a spherical wave, and like the electric field it is transverse
to the direction of propagation:

Byaye - 7 = 0. (5.3.19)

Furthermore, we see from Eqs. (5.3.15) and (5.3.18) that the fields are mutually
orthogonal, because [p— (p-7#)7]- (F xp) =p- (F x p) — (p-7)7 - (¥ x p) = 0, since
the vector 7 x p is perpendicular to both p and 7. So the fields satisfy

Eyave - Byave =0 (5.3.20)

in the wave zone. For p = pZ we have # X p = —psinf(—sin¢2 + cos¢g) =
—psinf¢, and Eq. (5.3.18) becomes

2
Buave(t, ) = —Z—i%psmew . (5.3.21)

5.3.4 Poynting vector of an oscillating dipole

We now calculate S = g !E x B, the energy flux vector associated with the
electromagnetic radiation produced by the oscillating dipole. It is easy to check
that in the wave zone, the electric and magnetic fields are related by

Eyave = cByave X 7. (5322)

This follows because the magnetic field is proportional to # X p, and (7 x p) x # =
(7-7)p— (7 -p)f = p— (p-7)7, which gives the direction of the electric field. Using
once more the same vectorial identity, the Poynting vector is

S=%(qu=) xB=%[(B-B)ﬁ—(B-f)B].

The second term vanishes because B is orthogonal to #, and we arrive at
c 2
Syave(t, ) = %|Bwave(t,a:)| 7. (5.3.23)

This shows that the energy is transported in the radial direction, the same direction
in which the wave propagates.
For p = p2 we can substitute Eq. (5.3.21) into Eq. (5.3.23) and obtain

¢ [ o)’ wtp?sin? 0 cos? (wu) .
s = Sk 7

Lo \ 4w c? r2
pop®w? sin? 6

= Ter2e 2 cos? (wu) 7.

The energy flux oscillates in time, and after averaging over a complete wave cycle
we get

2 4 2
pop w® sin“ g
—_— 7. 5.3.24
3272¢c 1?2 ( )

<Swave) =
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From the angular dependence of this expression we see that most of the energy is
emitted near the equatorial plane (6 = %), and that none of the energy propagates
along the z axis ( = 0 or § = w). The average of any function f of retarded time u
over a complete wave cycle is defined by (f(u)) = T~! fOT f(u) du, where T' = 27w
is the oscillation period. Using this rule we get (cos?(wu)) = 1, and this gives
Eq. (5.3.24).

The total power radiated (energy per unit time) is obtained by integrating S
(energy per unit time per unit area) over any closed surface S. The averaged power
is then

(P) = ]i (S) - da. (5.3.25)

It is simplest to take S to be a sphere of constant r. Then da = 772 sin 6 dfd¢, and
Eq. (5.3.25) becomes

2, 4 ™
_ oprw -3
(P) = 39720 27r/0 sin” 6 d6.

The integral evaluates to 4/3, and we obtain

Ho o 4
P) = . 3.2
(P) 12ch w (5.3.26)

5.3.5 Summary — oscillating dipole

We have seen that in the wave zone (r > c/w), the fields of an oscillating dipole
are given by

cosw(t —r/c) a

Ho K

2 .
—— 0
1 psin "

E(t,r,0,¢) =

and ) .
B(t,r,0,¢) =~ ~-psin cosw(t =r/e) 4

These have the structure of a spherical wave, which travels outward at the speed of

light. They are produced by a charge distribution whose dipole moment vector is

given by p(t) = pcos(wt)Z. The field amplitudes are related by |B|/|E| = 1/¢, and

both fields are in phase. The electric field is directed along

0 = cosfcospd + cosfsin g —sinh 2
while the magnetic field is directed along
¢ =—sing&+ cosgi.
The fields are mutually orthogonal, and they are both transverse to
7 =sinfcos¢p & + sinfsin g + cosh 2,

the direction in which the wave is traveling. This is also the direction in which
the field energy is transported. The angular profile of the energy-flux (Poynting)
vector is described by sin? @, so that most of the energy is emitted in the directions
orthogonal to the dipole.

5.4 Electric dipole radiation

[The material presented in this section is also covered in Sec. 9.2 of Jackson’s text.]

We now consider a much more general situation, in which electromagnetic ra-
diation is produced by an arbitrary distribution of charges and currents, with an
arbitrary time dependence (not necessarily oscillating with a single frequency w).
Our only restrictions are that
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e the source is confined to a bounded region V' of space;
e the charges are moving slowly.

These conditions will allow us to formulate useful approximations for the behaviour
of the electric and magnetic fields. Although the present context is very general, we
will see that the results to be derived in this section are very close to those obtained
in the preceding section.

9.4.1 Slow-motion approrimation; near and wave zones

To make the slow-motion approximation precise, and to define near and wave zones
in the general case, we introduce the following scaling quantities:

r. = characteristic length scale of the charge and current distribution,
tc = characteristic time scale over which the distribution changes,
Tc .- .
ve = — = characteristic velocity of the source,
c
27 L.
w, = — = characteristic frequency of the source,
c
2me .. .
Ae = = ct. = characteristic wavelength of the radiation.
We

The characteristic length scale is defined such that if p(t,x’) and j(¢,x’) are the
charge and current densities, respectively, then |2’| is at most of order r. throughout
the source. This implies that the distribution of charge and current is localized
within a region whose volume is of the order of 72. The characteristic time scale is
defined such that dp/0t is of order p/t. throughout the source. If, for example, p
oscillates with a frequency Q, then t. ~ 1/Q and w, ~ .

The slow-motion approximation means that v, = r./t. is much smaller than the
speed of light:

v, K c. (5.4.1)

This condition gives us r, = v.t. K ct. = A, or
re K Ac- (5.4.2)

The source is therefore confined to a region that is much smaller than a typical
wavelength of the radiation.
We can now define the near and wave zones:

e c

: -« = =— 5.4.3
near zone |z — 2’| < o ( )
, Ac c
wave zone: lz —2'| >» — = —. (5.4.4)

2T we

Because r, < ., the wave zone can also be defined by the condition r > A./(27).
We will compute the potentials and fields in these zones, using Eqgs. (5.4.1)—(5.4.4)
to simplify our expressions.

5.4.2  Scalar potential

We begin by calculating the scalar potential,
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where V is the region of space occupied by the source. In the near zone we can
treat |z —’'|/c as a small quantity and Taylor-expand the charge density about the
current time t. Because p(t — ) = p(t) — p(t)e + $5(t)e® + - - - we have

e — |2~ 2'|/e) = plt) — —p(t)]e — |+

where an overdot indicates differentiation with respect to ¢t. Relative to the first
term, the second term is of order | — &’|/(ct.) = |z — &’|/\., and by virtue of
Eq. (5.4.3), this is small in the near zone. The third term would be smaller still,
and we neglect it. We then have

1 plt, ') 5, 1/~ ”n 33,0
P = d°z' — - t d
(t,2) 47reo[ v |z —a| T plt @) d'a’ +
1

p(t, z’) 31_11/ n 3.0
/V|m—m’|dx P Vp(t,:c)d:v+ .

The second term vanishes, because it involves the time derivative of the total charge
[ p(t,2’') d3z', which is conserved. We have obtained

e (t, @) = — /VM[lJrO('m_m"z)]d%'. (5.4.5)

" dre Jy |z — 2| A2

47eq

We see that the near-zone potential takes its usual static expression, except for the
small correction of order |z — z’|? /A2 and the fact that charge density depends on
time. The time delay between the source and the potential has disappeared, and
what we have is a potential that adjusts instantaneously to the changes within the
distribution. The electric field it produces is then a “time-changing electrostatic
field”. This near-zone field does not behave as radiation.

To witness radiative effects we must go to the wave zone. Here |x — ’| is large
and we can no longer Taylor-expand the density as we did previously. Instead we
must introduce another approximation technique. We use the fact that in the wave
zone, r is much larger than 7', so that

z—2'| = (-2 (-2
= r2—2z-x' 417
1/2
- r[l — 2% a!r + 0(r§/r2)]
= r[l—r"-:l:'/r—i—O(rﬁ/rQ)]
= r—7-2' +0(r?/r).
This gives
pt—|x—2a'|/c) = plt—rlc+7-2'[/c+¢€/c)
= plu+?-z'/c+e/c),
where

u=t—r/c (5.4.6)

is retarded time and € is of order r2 /r. Let us now Taylor-expand the charge density
about the retarded time u instead of the current time ¢. We have

plt = |z~ '|/c) = p(u) + ~plu) (-’ +) ++--,

where an overdot now indicates differentiation with respect to u. We see that
relative to 7 - &', the € term is of order r./r < 1 and can be neglected. Now relative
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to p(u), the time-derivative term is of order r./(ct.) = v./c, and this is small by
virtue of Eq. (5.4.1). We therefore have

/

d plu) + O(v2/c?) (5.4.7)

plt — |z —2'|/¢) = plu) + ©

in the wave zone.
Inside the integral for & we also have
1 1

r — ] = ;[1 +7 -m'/r+0(rf/r2)]

1+ 06.m),

T
and it is sufficient to keep the leading term only. The wave-zone potential is then
11
dmeg 1
]' ]‘ I 3.1 ,f: 6 / I !’ 33 .1
= - ,z')d .= , d .
47T€0T[/Vp(ua:) x +c M Vp(um)w z +

In the first integral we recognize @, the total charge of the distribution; this is
actually independent of u by virtue of charge conservation. In the second integral
we recognize p(u), the dipole moment vector of the charge distribution; this does
depend on retarded time w. Our final expression for the potential is therefore

1 Q, 1 ¢

d(t,x)

/V [p(u) +f 'C""p'(u) 4. ] &’

Pave(t, ) = e 4.
ave(t, ) dmeg r  4meg cr + (5.4.8)
where
Q:/ plu,z’) &>’ (5.4.9)
v
is the total charge and
p(u) = / p(u,z")a’ &z’ (5.4.10)
1%

the dipole moment. The first term on the right-hand side of Eq. (5.4.8) is the static,
monopole potential associated with the total charge ). This term does not depend
on time and is not associated with the propagation of radiation; we shall simply
omit it in later calculations. The second term, on the other hand, is radiative: it
depends on retarded time u =t — r/c and decays as 1/r. We see that the radiative
part of the scalar potential is produced by a time-changing dipole moment of the
charge distribution; it is nonzero whenever dp/dt is nonzero. You should check that

1 7-p(u)
D yave (t, ) ~ Tren o

reduces to Eq. (5.3.8) when the dipole moment is given by p(t) = po cos(wt), where

Po is a constant vector.

5.4.3 Vector potential

The exact expression for the vector potential is

A(t w):@/ j(t—|$—$1|/c7ml) d3ml
’ A7 [y |z — 2’| ’

In the near zone we approximate the current density as

R R ]
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and we obtain

Ancar(t, ) = @/ it 2") [1+0(M>] &', (5.4.11)

Tdr Jy |z — 2| Ac

We see that here also, the vector potential takes its static form, except for the
correction of order |z —a’|/ A, and the fact that the current density depends on time.
The potential responds virtually instantaneously to changes in the distribution, and
there are no radiative effects in the near zone.

In the wave zone we have instead

Jit—|z—a'|/c)=j(u+7 -2'/c) = j(u)[1+ O(ve/c)]
and

Awave(tym) = Z_;]_% /Vg(u7m’) [1 +O(UC/C)] dB[EI.

In static situations, the volume integral of j vanishes — recall Eq. (3.4.3). But
here the current density depends on time, and as we shall prove presently, we have
instead

/ (') d*s’ = plu). (5.4.12)
v
The vector potential is therefore

Avave(t,@) = £2F (T“) 4o (5.4.13)

in the wave zone. This has the structure of a spherical wave, and we see that
the radiative part of the vector potential is produced by a time-changing dipole
moment. You may verify that Eq. (5.4.13) reduces to reduces to Eq. (5.3.5) when
the dipole moment is given by p(t) = pg cos(wt), where pg is a constant vector.

To establish the z component of Eq. (5.4.12) we start with the identity V-(zj5) =
2(V -3) + 3 - (Vz), in which we substitute the statement of charge conservation,
V - j = —0p/0t. After integration over the source we have

/J'zd%—i/fwd%:/V'(zj)d%:]{zj-da,

where S is the two-dimensional surface bounding V. Because no current is crossing
this surface, the right-hand side vanishes and we have

. d dp
3. _ 3, — WPz
/ijda:—dt/pzd;c— 7

This is the same thing as the z component of Eq. (5.4.12), except for the fact that
p and j are expressed in terms of the variables (¢, z) instead of (u,z’). The other
components of the equation are established with similar manipulations.

5.4.4 Wave-zone fields
The potentials

q)wave (t7 112) = ﬁ IﬁcL:r(U) [1 + O(UC/C)] (5414)
and .
A aelt, ) = Z—;’@ [1 +0(v, /c)] , (5.4.15)

where w = t —r/c and # = x/r, are generated by time variations of the dipole
moment vector p of the charge and current distribution. They therefore give rise
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to electric-dipole radiation, the leading-order contribution, in our slow-motion ap-
proximation, to the radiation emitted by an arbitrary source. We now compute the
electric and magnetic fields in this approximation.

To get the electric field we keep only those terms that decay as 1/r, and neglect
terms that decay faster. For example, when computing the gradient of the scalar
potential we can neglect Vr—! = —#/r?; we only need V(7 - p), which we calculate
as

PO X . . Z .
Vz("' : p) = V, <_p:c + ypy + _pz>
T T T

1 1 1 1
= Ip, (——Vﬂ) + gﬁy(——vﬁr) + 25, (——vzr> +0(—)
r c r C r Cc r
1 1
- ——@-ﬁﬁ5+0(—)
Cc r

r

so that
1 1
V(7 -p) =—E(r“-ﬁ)ﬁ+0(;). (5.4.16)

To obtain this result we made use of the fact that p depends on x through u =
t—r/c, so that acting with V amounts to taking a derivative with respect to v and
multiplying by —c¢~!Vr = —c¢~!#. The electric field is then

0A
FE = ——-V®
ot
_Mop 1 (BT
4 r  4mey C3r

or

o B = [P B@P o [F X Bw)] x 7

Euave(t, ) = 47 r T Arx r

(5.4.17)

Notice that the wave-zone electric field behaves as a spherical wave, and that it is
transverse to 7, the direction in which the wave propagates.

To get the magnetic field we need to compute V x p(u). To see what this is we
examine its z component:

(V X I.))w = Vypz - Vzpy

so that )
V x p(u) = ——7 x p(u). (5.4.18)

The magnetic field is then

Boave(t, ) = —Z—;%f(“). (5.4.19)
Notice that the wave-zone magnetic field behaves as a spherical wave, and that
it is orthogonal to both # and the electric field. Notice finally that the fields are
in phase — they both depend on p(u) — and that their magnitudes are related
by |B|/|E| = 1/c. The properties listed in Sec. 5.3.5 are therefore shared by all
electric-dipole radiation fields.
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5.4.5 Energy radiated

The Poynting vector is § = g 'E x B, and since E = ¢B x # in the wave zone
— as follows from Eqs. (5.4.17) and (5.4.19) — we have S = (¢/po)(B x #) x B =
(¢/po)[|B|*# — (B - #)B]. The last term vanishes by virtue of Eq. (5.4.19), and we
obtain

Cc 2.
Swave = _|Bwave| r, (5.4.20)
Ho

the same result as in Eq. (5.3.23). The fact that the Poynting vector is directed
along 7 shows that the electromagnetic field energy travels along with the wave.
The energy crossing a sphere of radius 7 per unit time is given by P = § S - da,

where da = #r?dQ and dQ = sinfdfd$. Substituting Eqs. (5.4.19) and (5.4.20)
yields

VN
P:#?ﬂrxp(u” dQ.

To evaluate the integral we use the trick of momentarily aligning the z axis with
the instantaneous direction of p(u) — we must do this for each particular value of
u. Then 7 x p(u) = |P(u)|sin and

27 T
oMo a2 [ g B0 a2 L,
P = (47r)20|p(u)| fsm 0dQ) = (47r)2c|p(u)| /0 d¢/0 sin3 9 do.

The angular integration gives (27)(4/3) and we arrive at

_ Mo .. 2
P= = plu)|”. (5.4.21)

This is the total power radiated by a slowly-moving distribution of charge and
current. The power’s angular distribution is described by

dP .. .
0 # |p(u)|2 sin? O (u), (5.4.22)

where ©(u) is the angle between the vectors # and p(u).

5.4.6  Summary — electric dipole radiation

To leading order in a slow-motion approximation, the wave-zone fields of an arbi-
trary distribution of charges and currents are given by

Buuweltyz) = - B0 TXPUZTI 4 )]

and
Eave = cByaye X T.

The fields are generated by time variations of the source’s dipole moment vector,

p(t) = /V ot 2)e d's.

The fields behave as spherical waves, they are each transverse to #, and they are
mutually orthogonal. The field energy flux vector is

c 2,
Swave = _|Bwa.ve| r,
Mo
and the total power radiated is given by

_ R R PPVRNE:
P—Y{S da 67Tc|p(u)|.

The power’s angular profile is proportional to sin® ©(u), where ©(u) is the angle
between the vectors # and p(u).
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o =1
antenna
coaxial feed
q r—
J = —l

Figure 5.1: Centre-fed linear antenna. The oscillating current is provided by a
coaxial feed.

5.5 Centre-fed linear antenna

[The material presented in this section is also covered in Sec. 9.4 of Jackson’s text.]
As an example of a radiating system we consider a thin wire of total length 2¢
which is fed an oscillating current through a small gap at its midpoint. The wire
runs along the z axis, from z = —£ to z = £, and the gap is located at z = 0 (see
Fig. 5.1.)
For such antennas, the current typically oscillates both in time and in space,
and it is usually represented by

J(t,z) = Isin[k(€ — |2])]6(z)d(y) 2 coswt, (5.5.1)

where

k=w/e. (5.5.2)

The current is an even function of z (it is the same in both arms of the antenna)
and its goes to zero at both ends (at z = ££). The current at the gap (at z = 0) is
I'sinkf, and I is the current’s peak value.

We want to calculate the total power radiated by this antenna, using the electric-
dipole approximation. To be consistent we must be sure that v, < ¢ for this
distribution of current, or equivalently, that ¢ = r. < A, = 27 /k — refer back to
Eq. (5.4.2). In other words, we must demand that

k<1,

which means that k|z| is small throughout the antenna. We can therefore approxi-
mate sin[k(£ — |z|)] by k(£ — |z|), and Eq. (5.5.1) becomes

Jt.z) =Io(1—|2|/€)6(z)d(y)2 coswt, (5.5.3)

where
Iy = Ik¢ (5.5.4)
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is the value of the current at the gap. In this approximation the current no longer
oscillates in space: it simply goes from its peak value I at the gap to zero at the
two ends of the wire. In Sec. 9.4 of his book, Jackson gives an exact treatment of
the antenna of Eq. (5.5.1).

To compute the power radiated by our simplified antenna we first need to cal-
culate p(t), the second time derivative of the dipole moment vector. For this it is
efficient to turn to Eq. (5.4.12),

p(t) = / it @) d,

in which we substitute Eq. (5.5.3). We have
¢

p(t) =12 coswt/ (1—12|/¢) dz,
—e

and evaluating the integral gives
P(t) = Ipl2 coswt.
Taking an additional derivative and making the substitution t — u =t —r/c yields
p(u) = —Iywlz sin(wu),

> P(u) = —(Ipc)(kf) 2 sin(wu) (5.5.5)

after using Eq. (5.5.2).

Since the vector p(u) is always aligned with the z axis, we have that O(u) = 0,
where 0 is the angle between the vectors 7 and 2. According to Eq. (5.4.22),
therefore, the angular distribution of the power is given by

dP v N(2
o = (4’;())2c|p(u)| sin” 9
= # (Ioc)? (k€)? sin? (wu) sin? 6.

After averaging over a complete wave cycle, this reduces to

dP\  pec 2 . 9
<dQ> = 35,3 (Iokt)” sin® 6. (5.5.6)

To obtain the total power radiated we must integrate over the angles. Using
$sin® 0 dQ = 87/3, we arrive at our final result

(P) = £ (Iokt)”. (5.5.7)
For a fixed frequency w, the power increases like the square of the feed current I.
For a fixed current, the power increases like the square of the frequency, so long
as the condition k¢ < 1 is satisfied. From Eq. (5.5.6) we learn that most of the
energy is radiated in the directions perpendicular to the antenna; none of the energy
propagates along the axis.

5.6 Classical atom

The classical picture of a hydrogen atom contains a proton at the centre and an
electron on a circular orbit around it. Supposing for simplicity that the proton is
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at rest, the system’s dipole moment is p(t) = —ea(t) where a(t) is the electron’s
position vector. Since the electron is accelerated by the Lorentz force F' exerted by
the proton, we have p(t) = —ed = —(e/m)F. Because this is nonzero, the atom

emits electromagnetic radiation. The atom therefore loses energy to the radiation,
and as a result, the orbital radius a gradually decreases; it eventually goes to zero.
As is well known, the classical model leads to an unstable atom. In this section we
calculate the lifetime of the classical atom.

The Coulomb force exerted by the proton is

1 €%,

- —a
4meg a2

where @& = a(t)/a. This gives

1 ee?,

P(t) a(t) (5.6.1)

- 4meq m a2
for the second derivative of the dipole moment vector. According to the electric-
dipole approximation, the total energy radiated by the atom per unit time is given
by Eq. (5.4.21),
Ho . )2
P=—|p(u)|.
6me B( )|

Substituting Eq. (5.6.1) then gives
Ho e’

= 6.2
6mc (4meg)2m2cat (56.2)

Energy conservation dictates that the energy carried away by the radiation must
come at the expense of the atom’s orbital energy; we therefore have

dEorb
—— =-P. 5.6.3
7 (5.6.3)
The orbital energy of a classical atom is
1 €2
Eorp = — —. 5.6.4
orb 47eg 2a ( )

Combining the last three equations, it is easy to show that the orbital radius must
decrease, at a rate given by

da 4 1 e?
dt 3 (4me)2 m2ca?’ (565)

To obtain the lifetime we integrate Eq. (5.6.5), starting with the initial condition
that at ¢ = 0, the orbital radius is equal to Bohr’s radius

dmegh?

ag = 5 -

me

(In this step we make a leap and momentarily leave the classical realm, since the
Bohr radius is very much a consequence of quantum mechanics. But we may
still think of ag as giving an appropriate initial condition, as it sets the atomic
length scale.) Integration of Eq. (5.6.5) is elementary, and we obtain 7 = [ dt =

Jo (dt/da) da as
(47meg)3c3h®
4dme'o
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To put this in friendlier terms we introduce

2

1
o= (@iﬁ = g = fine structure constant (5.6.6)
and
2mh —12 )
Ac = ool 2.43 x 107 °° m = electron’s Compton wavelength. (5.6.7)
The lifetime can then be expressed as
1 X —11
= — ~1. 1 . .6.
T= rh o 6x107"" s (5.6.8)

This result shows that under classical laws, the hydrogen atom would be extremely
short lived. Equation (5.6.8), by the way, gives an order-of-magnitude estimate of
the time required by an atom to make a transition from an excited state to the
ground state.

The results of this section, especially Eq. (5.6.5), leave us with a curious paradox.
Ignoring the fact that the classical laws of electrodynamics do not apply to a real
hydrogen atom, we seem to find an inconsistency in our description of the classical
atom. On the one hand, the fact that the electron feels the Coulomb field of the
proton guarantees that the electron’s motion will be circular and that its orbital
radius will not change with time. (The most general orbit allowed by the Coulomb
force is actually an ellipse, but the point remains that the size of this ellipse cannot
change with time.) On the other hand, we know that the electron is accelerated,
that it emits electromagnetic waves, that the radiation carries energy away from
the system, and that the orbital radius cannot possibly stay constant. The paradox
is therefore this: The electron’s equations of motion do not account for the decrease
in orbital radius; they unambiguously predict that the radius should be constant.
Is classical electrodynamics internally inconsistent?

Later on, in Chapter 6, we will show that the electron’s radiation reaction is
actually contained in Maxwell’s theory. The effect is there, but it is well hidden,
and it is a subtle matter to reveal it.

5.7 Magnetic-dipole and electric-quadrupole
radiation

[The material presented in this section is also covered in Sec. 9.3 of Jackson’s text.]

Electric-dipole radiation corresponds to the leading-order approximation of the
electromagnetic field in an expansion in powers of v. /¢, where v, is a typical internal
velocity of the source. In some cases, however, the dipole moment p either vanishes
or does not depend on time, and the leading term is actually zero. In such cases, or
when higher accuracy is required, we need to compute the next term in the expan-
sion. This is our task in this section. We will see that at the next-to-leading-order,
the wave-zone fields depend on the dipole moment vector p, the magnetic moment
vector m, and the electric dipole moment tensor Q.. We recall the definitions of
these objects:

s
—~
o~
~—
I

/ p(t,x")a’ &', (5.7.1)
v

3

~

SN—r
I

1
—/ x' x j(t,z') ds’, (5.7.2)
2 v

Qi) = | plt.a")(Bals, — r70) &', (5.7.3)
A%
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where V is the volume that contains the charge and current distribution; this volume
is bounded by the surface S.
In the foregoing manipulations we will introduce the vector Q(t,z) defined by

Qa(ta’f;) = Qab(t)'rba (574)

where 7, = z/r are the components of the unit vector # = x/r, and in which
summation over the repeated index b is understood.

5.7.1 Wave-zone fields

To make our calculations more efficient we first derive a few useful results that
follow from the fact that in this section, we place ourselves exclusively in the wave
zone. So throughout this discussion we shall assume that

e c
r>> i (5.7.5)
Notice that this condition is independent of any assumption that concerns v,: there
is a wave zone whether or not the source is moving slowly. But if v./c <« 1, then we
also have that r. € A\./(27) < r, as was shown in Sec. 5.4.1. In this subsection we
rely on the wave-zone condition of Eq. (5.7.5), but we do not rely on the slow-motion
assumption; this is will be incorporated at a later stage.
We can anticipate that the wave-zone potentials will have the form of a spherical
wave. For example, we shall verify that the vector potential is given by

o w(u)
At,x) = — 5.7.6
(t,2) = 222 (5.7.6)
in the wave zone, where u =t — r/c and w is a vector that will be determined. We
will not need an expression for the scalar potential; as we shall see, in the wave zone
E can be obtained directly from B, which is determined by the vector potential.
Given the form of the vector potential, its curl is

O w(t—r/c)

_ Mo w(t—r/c) o
VxA_4Vx7 (VT)Xar "

7 r " 4r
The gradient of r is the vector #, and the derivative of w(u)/r with respect to r is

—c 1 (u)/r, up to terms of order 1/r? that can be neglected in the wave zone. We

therefore have

fo 7 X W (u)

B(t,x) = (5.7.7)

47 cr

for the wave-zone magnetic field.

Later we will find that w is not just a function of retarded time u, but that it
depends also on #: w = w(u, ). This does not affect our result for the magnetic
field, nor any other result derived in this subsection. To see this, let us calculate
more carefully the x derivative of the vector w:

ow ow
Vew=—V U+—A‘V T.
e ou or °
In the first term we substitute Vou = —c 'Vyr = —c¢ 'r, and we recover our

previous expression. We then recognize that V,# is of order 1/r and that the
second term can be neglected in the wave zone. We conclude that the dependence
of w on 7 is invisible to V so long as all computations are carried out in the wave
zone.
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To get the electric field we go back to one of Maxwell’s equations,

1 0F

VXB=uj+—=—.

HoJ + 2 Ot

Because the current density vanishes outside the volume V', we have that j = 0 in
the wave zone, and

6—E:cZVxB:—@ x[

ot 47 r

7 X 'u';(u)]
By the same argument is the one just given, we can treat # as a constant vector when
evaluating the curl, and we can also pull the 1/r factor in front of the derivative

operator. This yields
Vv x [rxrﬂ] — (V1) x [zxa_w] _ Lk [Lw(u)]

and we obtain
OE _ po # X [P x @ (u)]
ot 4w T '
Integrating this with respect to ¢ gives

o [Fx w(w)] x 7

E(t,xz) = =cB(t,x) x (5.7.8)

4n r
for the wave-zone electric field.

Using Egs. (5.7.7) and (5.7.8) it is easy to show that the wave-zone Poynting
vector is given by

po_ P x (]’ (5.7.9)

C
S(t,xz) = —|B|*F =
(,w) /140| |T 167T2C ,,_2

Evaluating this on a sphere of constant r gives

dP = S -da = - |# x ais(u)|” dO,

1672¢
or dP
N . 2
= 1:;20 7 x (u)|, (5.7.10)

where dQ = sinfdfd¢ is an element of solid angle. Equation (5.7.10) gives the
radiation’s angular distribution, and here it becomes important to specify the de-
pendence of w on the radial vector #. Notice that the fields and the radiation’s
angular profile depend only on # x w, and that they are insensitive to an eventual
component of w along #. We will use this observation later, and discard from w
any longitudinal component.

From these results we infer, once more, that irrespective of the exact expression
for the vector w(u, ), the fields are both transverse (orthogonal to #) and mutually
orthogonal, that their amplitudes differ by a factor of ¢, that they are in phase, and
that the field energy travels in the radial direction. To be more concrete we shall
have to calculate the vector w.

5.7.2  Charge-conservation identities

Before we get to this we need to establish the useful identities

/ (2" dis' = p(t) (5.7.11)
1%
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and
. IAY N 33,1 N 1. - 1.d n,12 331
Vj(t,w)(r-w)d =m(t) ><7'+6Q(t,r)+6ra Vp(t,w)r d’x', (56.7.12)

where p(t) is the electric dipole moment, m(t) the magnetic dipole moment, and
Q(t,7) the vector related to the electric quadrupole moment which we introduced
in Eq. (5.7.3).

Equation (5.7.11) was already derived near the end of Sec. 5.4.3; refer back
to Eq. (5.4.12). Equation (5.7.12) is a generalization of Eq. (3.4.4), which covers
static situations (and which was derived in Sec. 3.4), and we derive it using similar
methods.

Consider the z component of Eq. (5.7.12). We write the left-hand side as

I, =e-/ j.(t,x)x dz,
v

in which we have changed the integration variables from z’ to « and replaced the
constant vector # by the arbitrary constant vector e. More explicitly, I, is given by

I, =e$/ mjzd3m+ey/ yjzd3a:+ez/ 2j, d3x.
\% \% \%

Consider now the relation
V-(xzj) = x2V-j+zj-Vz+25-Vz

= —wz@—}—m' +2j
- 6t ]Z ]ZE'

Integrating both sides over V' and using Gauss’ theorem (together with the state-
ment that j - da = 0 on the bounding surface S) gives

/:cjzdgx:—/ zjzd3m+i/ przdx.
v v dt Jy

/yjzd3x:—/zjyd3m+£/pyzd3x
v v dt Jy

in a similar way. Consider now

We obtain

V- (2%§) =2’V -j+22j-Vz= —zz% +227,;

integrating this over V leads to

1d
. g3 2 13
/zjzdw_Qlt/pz d’x.

Let us now substitute these results into our previous expression for I,. We have
1 .13 . 13 d 3
I, = =e, Tj,d’°r — 2je d’x + — | przd’z
1 . . d 1 d
+ 26 [/V YJz d3a:—/vz3y dr+ T przd%] + §eza p2? d*x
1 1
= ——em/ (x x j), d°z + —ey/ (% 5), d°x
2 1% 2 v

1d
+ - ex/ pxzd3x+ey/ pyzd3x+ez/ p2d3z|.
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In this last expression, the first two terms are equal to —e;my +eym, = (M x e).
The bracketed terms are related to @) ,: Keeping in mind that we use e as a substitute
for 7, we have

Qz = szez + szey + szez
ew/ p(3z2) d*x +ey/ p(3yz) d3a:+ez/ p(32% —rt) &z
v v

%
3[ ]—ez/ pr’ d’z,
1%

where [ ] stands for the bracketed terms in our previous expression for I,. Using
these new results we finally obtain

1d
I. = - 2 13
=mxo.+ (@ e [ o),

which is the same statement (after the substitutions  — z’ and e — ) as
Eq. (5.7.12).

5.7.3 Vector potential in the wave zone

We are now ready to calculate the vector w. We begin with the exact expression
for the vector potential,

A(t w):@/ j(t—|$—$l|/07$l) d3£L"
’ 4 [y, |z — 2’| '

In this we substitute the approximations

1 1

e —x'|  r

and
t—|lz—a'|/cxu+7-2'/c,

where u = t — r/c is retarded time, which are appropriate in the wave zone. This
gives

1
A(t,x) = Z—;; /Vg(u +7-2'fe,a’) &P’ (5.7.13)

for vector potential. Notice that this expression, though restricted to the wave zone,
is otherwise general: it is not yet limited by a slow-motion assumption.

We now incorporate the slow-motion approximation by Taylor-expanding the
current density:

95

Jju+7-x'/c)=ju)+ %(r‘-w')au

(u) 4+ .-
Relative to the leading term, the second term is smaller by a factor of order
¢ r./t. = v./c. This term was neglected in our discussion of electric-dipole radia-
tion, but we shall now keep it. We will, however, neglect all remaining terms, which
contribute at order (v./c)?.

Substituting the expansion for j into Eq. (5.7.13) gives

1
A(t’w)_ﬂ—[/vj(uaw')d%'-l-%%/‘/j(u,w')(r”-w’)d3x’+--- .

T dAxr



5.7 Magnetic-dipole and electric-quadrupole radiation 97

According to Eq. (5.7.11), the first integral is equal to p(u). And according to
Eq. (5.7.12), the second integral is equal to
1. 1.d

m(u) X 7 + EQ(u,'F) + ETA@ Vp(u,:z:')r'2 dz'.

The quantity within the square brackets defines the vector w, and we have

1 1 . 1 2
w = plu) + - {r(u) x 7 + EQ(u,ﬁ)] b /Vp(u,m')r'2 o,
The last term is proportional to #. But we have seen in Sec. 5.7.1 that the electric
and magnetic fields, as well as the radiated power, depend only on # X 4. This
means that any component of w along 7 will not contribute to the wave-zone fields.
We can therefore discard this last term in our expression for w.

We have obtained

w(u, 7) = plu) + % ra(u) x 7 + %C}(u,f') , (5.7.14)

and in terms of this the wave-zone vector potential is given by

Aft,z) = Lol ®), (5.7.15)
. r
an expression that was already anticipated in Eq. (5.7.3). The first term on the
right-hand side of Eq. (5.7.14) gives rise to electric-dipole radiation; this is the
leading term in the expansion of the fields in powers of v./c. The second and
third terms give rise to magnetic-dipole radiation and electric-quadrupole radiation,
respectively; these contribute at order v./c beyond the leading term.
To calculate the radiated power we shall need

P x b = 7 x P(u) + %{ﬁz(u) —[#- ﬁz(u)]ﬁ} + ér x Q¥ (u,7),  (5.7.16)

~

where Q®®) = 9°Q/du® and we have used the vectorial identity # x (1 x 7) =

W — (7 - )P

5.7.4 Radiated power (magnetic-dipole radiation)

Let us calculate the power radiated by a distribution of charges and currents for
which
plu) = QP (u,#) = 0. (5.7.17)

Such a source will emit magnetic-dipole radiation.
Under the conditions of Eq. (5.7.17), Eq. (5.7.16) becomes

so that 1
@ x bl = [l ~ ()],
which we rewrite in component form as
NPT R S
[P x| = C—Qmamb((Sab —Talb),
where r, = z,/r are the components of the vector #, and where summation over
both repeated indices is understood. Substituting this into Eq. (5.7.10) gives

dP o

- 1671'—203mamb (5ab - Tarb),
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and integrating over the angles yields

P= 4i‘ll_‘_%’r"""a.":"@b (5ab - <rarb>)a

where . .
(romp) = o /TaT[, dQ = géab.

These angular integrations are worked out in Sec. 5.7.7.
Our final result for the radiated power is therefore

. 2
Pmagnetic—dipole = 65'% |m(u)| . (5718)

We might compare this result with Eq. (5.4.21),

% B(u)|”.

Pelectric-dipole = ——
P 6mc

In orders of magnitude we have that the electric dipole moment is p ~ (pr.)(r?) ~
prd and that p ~ pri/t2. On the other hand, m ~ (jr.)(rd) ~ jri ~ pv.rd, and
1 ~ puert /t2. The ratio of powers is then

P . 2 2
magnetic-dipole ( m ) (Uc )
—_—~ - ~ —_— .
Pelectric—dipole cp c
So for slowing-moving sources, the power emitted in magnetic-dipole radiation is

smaller than the power emitted in electric-dipole radiation by a factor of order
(ve/e)? < 1.

5.7.5 Radiated power (electric-quadrupole radiation)

Let us now calculate the power radiated by a distribution of charges and currents
for which
p(u) = m(u) = 0. (5.7.19)
Such a source will emit electric-quadrupole radiation.
Under the conditions of Eq. (5.7.19), Eq. (5.7.16) becomes

Fx b= —7 x QW
6c

so that

|fxwfzgéﬂfo@)(ﬁxQ®y

The inner product can be expressed as

#-7)(Q®-Q®) - (7-Q®) - (7-Q¥) = |Q(3)|2 — (7 Q(3>)2,

and we have 1
563 @ Q" (Bap —rams).
But the vector Q® depends on #, because by the definition of Eq. (5.7.4), Q, =
Qqcre. Writing also Qp = Qpqrg, we arrive at

1

|f X ’li]|2 = w@g‘?@g? (5abrc7'd - Ta’f‘bT'CTd)-

Substituting this into Eq. (5.7.10) gives

|7 x b|” =

aP _ o 1 53503
dQ ~ 16m2c 36¢2 Toc “bd

(8abTera — rarerera),
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and integrating over the angles yields

= S0 QD (Gunlrera) = (rarrera)).

The angular integrals
1 1
(rerq) = e /rcrd dQ = §5cd

and

1 1
<Tarbrc7'd> =— /’f'aTch’f'd dQ = — <5ab5cd + (Sac&bd + (Sad(sbc)
A7 15
are evaluated in Sec. 5.7.7. Taking these results into account, we obtain

r QBQ) (8ap(rera) — (rarsrera))

1 1
= —Q(3’Q,,d 5ab6cd - —Q,&‘?Q‘” (8abOea + OacObd + 6addse)
_ Q(3)Q Q Q(3) Q(3)Q(3) Q(3)Q(3)

_ (1 (3))(3)
— (3 )Q3Q3

= —Q®
5Q Qac’

1l

where we have used the property that Q. is a symmetric, tracefree tensor (so that
Qca = Qac and Qaa = 0)

Our final result for the radiated power is therefore

Ho 3
Pelectric—quadrupole = 7207TC3Q ( )Q( )( ) (5720)
where summation over the two repeated indices is understood. In orders of mag-
nitude, Qup ~ (pr?)(r?) ~ prs, and Q ~ pro[td ~ pr./t. ~ pv.. We therefore
have

P 2
electric-quadrupole (&) .
?

Pelectric—dipole c

for slowing-moving distributions, the power emitted in electric-quadrupole radiation
is smaller than the power emitted in electric-dipole radiation by a factor of order
(ve/e)? < 1. We see also that electric-quadrupole radiation is of the same order of
magnitude as magnetic-dipole radiation.

5.7.6 Total radiated power

In situations in which all three types of radiation contribute, the total power is the
sum of individual contributions,

P =2 i) + S i) + 500 Q% @) +0(wi/) | (5721

67c 12002

There is no interference between the different terms in Eq. (5.7.16), because the
angular profiles associated with each term are orthogonal.
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5.7.7 Angular integrations

In this subsection we establish the formulae

(re) = 0, (5.7.22)
(rars) = %5(1,,, (5.7.23)
(rarere) = 0, (5.7.24)

1
(rorprerd) = 5 (5ab60d + 0ac0pq + 6ad5bc)7 (5.7.25)

where r, = 2,/r are the components of the vector #, and (---) = (4m)~* [(---) dQ
is the average of the quantity (---) over a sphere of constant r.

These relations can be derived by brute-force computation, by simply substi-
tuting # = (sin 0 cos ¢, sin 0 sin ¢, cos §) and integrating over d2 = sin§ dfd¢. But
there is an easier, prettier way that relies on arguments of symmetry.

Take the zero result for (r,). If these integrals were not zero, they would have to
be equal to some vector a that does not depend on the angles 8 and ¢ (because they
have been integrated over) nor on r (because r appears nowhere on the left-hand
side of the equation). But there is no such vector available, because there is no
preferred direction in a homogeneous three-dimensional space. The right-hand side
must therefore be zero.

To arrive at the result for {r,r;) we observe that the right-hand side must be
a constant tensor that is symmetric in the pair of indices @ and b. The only such
tensor available is d,p, and we must therefore have (r,) = Ad,p, for some constant
A. To determine A we have to evaluate one integral, as opposed to the six different
integrals represented by (r,rs). For example,

A=(r,?) = i/coszt9dQ = 1/7rcos2t9sint9d6? = 1/1 Zdy = 1
A\ T ~2/, ) Ty
and this agrees with the result of Eq. (5.7.23).

The zero result for (r,ryr.) follows from the fact that we do not have a vector
that could be combined with §,; to form a symmetric, three-index tensor.

To derive the result for (r,rpr.rq) we note that the right-hand side must be a
four-index tensor that is symmetric in all pairs of indices. We must form this tensor
with two copies of 044, and it is easy to see that it must be equal to A (dgp0cq +
OacObd +9440pc)- To determine A’ we evaluate the simplest integral, the one obtained
when all indices are equal to z. We have

1
w5 [ =g

in agreement with Eq. (5.7.24).

5.8 Pulsar spin-down

As an application of magnetic-dipole radiation we consider the oblique-rotator model
of a pulsar, a rotating neutron star that emits pulses of electromagnetic radiation
at regular intervals. The most famous pulsar is located in the Crab nebula, and the
pulsar is believed to be the source of energy for this supernova remnant.

The Crab pulsar is observed to spin down: the frequency of the pulses decreases
with time. If we associate the pulse frequency with the neutron star’s spin frequency,
then we can interpret this phenomenon in terms of the pulsar losing rotational
energy, which is given by

1
Eror = 5192, (5.8.1)
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Figure 5.2: The neutron star rotates with angular velocity Q around the z axis.
The magnetic moment m makes an angle of a with respect to this axis, and it
rotates along with the star.

where I is the star’s moment of inertia and Q its angular velocity. If P denotes
the pulses period (which is not to be confused with the power radiated by electro-
magnetic waves), then Q = 27 /P. If the neutron star is modeled as a solid sphere
of uniform mass density, then I = %M R?, where M is the pulsar’s mass and R its
radius. The loss of rotational energy translates into a decrease of (2, or an increase
of P:

Erot = ION = —(27r)21ﬁ. (5.8.2)
For the Crab we have the observational values P ~ 4 x 1073 s/s and P ~ 0.03 s.
If we take the neutron star to have a mass of 1.4 solar masses and a radius of 12

km, then the rate of loss of rotational energy is
Erop ~ =7 x 103 J/s.

This is comparable to what is required to power the Crab nebula. The energetics
of the Crab can therefore be explained by the pulsar losing its rotational energy.

What is responsible for this loss? We can imagine that the neutron star is carry-
ing a magnetic field, and that the spinning motion of this field produces magnetic-
dipole radiation. The energy carried off by the radiation will then come at the
expense of the star’s rotational energy. For this model to work we need the field’s
orientation to differ from the star’s rotational axis — otherwise we would have a
stationary situation analogous to the one analyzed in Sec. 3.3. This is the oblique-
rotator model depicted in Fig. 5.2.

We imagine that the neutron star maintains a magnetic dipole moment m that
is oriented at an angle a with respect to the rotation axis. This vector rotates along
with the star, also with an angular velocity €. If the rotation axis is aligned with
the z direction, we can write

m(t) = mo(sinacosQt & + sinasin Ut g + cosa 2), (5.8.3)

where mg is the magnitude of the pulsar’s magnetic moment. This can be related
to the magnitude of the magnetic field on the surface of the neutron star. Because



102 Electromagnetic radiation from slowly moving sources

the star is located well within the near zone, we can use Eq. (3.4.2) to describe the
surface field:

_ po 3(m-F)F —m

4w R3 ’
where R is the star’s radius. The field is maximum at the magnetic pole, where 7
is aligned with m. We therefore have

_ o 2myg

Bmax - E R3 3 (584)

a relationship between my, the star’s radius, and the maximum surface magnetic
field.

The time-changing magnetic moment of Eq. (5.8.3) produces magnetic-dipole
radiation. This radiation takes energy away from the star, at a rate given by
Eq. (5.7.18),

Braa = o [iiv(w)|,

where u =t — r/c is retarded time. Substituting Eq. (5.8.3) gives

: N2
Firag = 6i%(mom sina)?, (5.8.5)
or )
; 7T . 2
Eraa = W (Bma,xQzR3 sin a) (5.8.6)

after involving Eq. (5.8.4).
To produce an equality between Fpoq and |Eg| ~ 7 x 103" J/s, we need a
magnetic field such that
Baxsina ~ 5 x 10% T.

This is very large, but not unreasonable. A main-sequence star typically supports a
magnetic field of 0.1 T. When the star collapses to form a neutron star, the magnetic
field is frozen in and the magnetic flux 47 R2B is conserved. Because R decreases
by a factor of 10° during the collapse, B increases by a factor of 10'%, and fields of
the order of 108 T can easily be achieved for neutron stars.

5.9 Problems

1. A point electric dipole is rotating around the z axis at an angular velocity w,
so that

p(t) = po[cos(wt) & + sin(wt) §],

where pg is a constant.

a) Calculate the wave-zone electric and magnetic fields of this rotating dipole.
Express the fields in terms of the unit vectors @ and ¢.

b) Calculate (dP/d?), the angular profile of the radiated power, averaged
over a complete wave cycle.

c) Calculate the total radiated power. How does it compare with the power
radiated by an oscillating dipole?

2. Two equal charges q are moving with constant angular velocity Q on a circle
of radius b. The charges are situated at diametrically opposite points on the
circle. Calculate, to leading order in a slow-motion approximation, the total
power radiated by this distribution of charges.
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3. The current density inside a centre-fed, linear antenna is given by

J(t, ) = I cos(wt) sin(kl — k|z|)6(z)d(y) 2,

where I is the current’s peak amplitude, w the oscillation frequency, £ the
antenna’s half-length, and £k = w/c. In this problem we do not impose the
slow-motion approximation, so that k¢ is not assumed to be small.

a) Show that in the wave zone (kr > 1), the vector potential can be expressed
as
o w(u,6)
At,x) = — ,
(t,) 4T T

and find an expression for the vector w(u,8). Here, u = t—r/cis retarded
time and 6 is the angle between & and the z axis.

b) Calculate (dP/d?), the angular profile of the radiated power, averaged
over a complete wave cycle. For the two special cases k¢ = /2 (half-
wave antenna) and k¢ = « (full-wave antenna), provide parametric plots
of this angular profile (like those displayed in Jackson’s Figure 9.7). Com-
pare these profiles with the sin® # dependence obtained for electric-dipole
radiation.

c) From the general expression for (dP/d?) derived in part b), obtain the
short-antenna limit k¢ < 1. Make sure that your result matches the one
derived in the text.

. An oscillating current I(t) = Iye~"¢ sin(wt) flows in a circular loop of radius a

placed in the equatorial plane of the coordinate system (r, 8, ¢). The current
is started at ¢ = 0, and it decays exponentially due to dissipation within the
loop; we assume that v < w, so that the time scale for dissipation is much
longer than the oscillation period. The current density is given by

jit,x) = ? o(r—a)é(@ —m/2) (f)

Calculate (P), the total power radiated by the loop, averaged over an os-
cillation period. Calculate also the total amount of energy radiated by the
loop.

A ring of radius b is placed in the z-y plane, and the origin of the coordinate
system is placed at the centre of the ring. Initially, the ring is at rest and it
supports a linear charge density proportional to sin ¢, where ¢ is the angle
from the z-axis. The ring is then made to rotate with a uniform angular
velocity 2, so that the linear charge density becomes proportional to sin(¢ —
Qt). The ring’s volume charge density is described by

plt,7,60,6) = S5(r — D)3(6 — 5 sin(6 — ).

(a) Calculate, to leading order in a slow-motion approximation, the total
power radiated by the ring. At what angle 6 is most of the radiation
emitted?

(b) Find an exact expression for ®(¢,0), the scalar potential at the centre of
the ring.

(¢) Find an exact expression for A(t, 0), the vector potential at the centre of
the ring.
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6. Three charges are located along the z axis: a charge +2¢ stays at the origin
z = 0, a charge —¢q is at z = +acoswt, and the final charge —q is at z =
—acoswt; a and w are constants. It is assumed that aw < 27wc and that the
charges simply go through one another when they meet at z = 0.

For this situation calculate (dP/dS?), the angular profile of the radiated power,
averaged over a complete wave cycle. (Express this in terms of the angle 6
from the z axis.) Calculate also (P), the total radiated power. What is the
frequency of the electromagnetic waves emitted by this system of charges?



CHAPTER 6
ELECTRODYNAMICS OF POINT
CHARGES

6.1 Lorentz transformations

[The material presented in this section is also covered in Secs. 11.3, 11.9, and 11.10
of Jackson’s text.]

In this final chapter we will look at the electrodynamics of charge and current
distributions for which the characteristic speed v, is close to the speed of light. To
keep the discussion concrete we will restrict it to the electromagnetic field produced
by a single point particle in arbitrary (relativistic) motion. To set the stage we
begin with a review of the Lorentz transformations of special relativity.

We consider a reference frame S’ that moves with constant speed v relative to
another frame S; we take the motion to take place in the z direction, so that the
frame’s velocity vector is v = v&. The coordinates (¥',2',y’,2') of an event seen
in S’ are related to the coordinates (t,z,y, z) of the same event seen in S by the
well-known relations

g =y(@-vt), Y=y, =z t= (t—c%x), (6.1.1)

where
1

= V1-v2/c

These are the Lorentz transformations between the two reference frames. The re-
versed transformation is obtained by reversing the sign of v:

(6.1.2)

z = y(z' +vt'), y=1y, z=2 t:y(t'—}—c%:v'). (6.1.3)

We now would like to derive how the electric and magnetic fields transform under
such a change of reference frame.

We note first that Lorentz transformations alter the differential operators. For
example, applying the chain rule on an arbitrary function 1 gives

o0 _ 900t Bwdr  0vdy 00
ot otot  dx ot Oy ot 0z ot

or
oy _ (0% 0¥
@_’y((%-’-vam)

105
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after using Eq. (6.1.3). Doing a similar calculation for all other partial derivatives,
we obtain

9 _ (o, vo o _o6 9 _39 9 _ (9,,9
ar  \dz " 2ot) By 8y 07 8z or \ot " Vox)

(6.1.4)
It follows from this that the wave operator is a Lorentz invariant:
10% 0% 0% 0%
Oy = T2 ot? + oz + oy?  0z"7
= 2"\ &) \e e
0 v 0 0 0%y 62¢
T («%ﬂ?&) (63: e 6t)¢+ 6z2
L 1Py @y 20 o
T 2o2 T a2 oy 022
= [
In other words,
o =0. (6.1.5)

To figure out how the electric and magnetic fields transform under a change of
reference frame, we first work out how p and 7 should transform. This will tell us
how the potentials & and A transform, and from this we will be able to get to the
fields.

It is sufficient to consider a simple special case: a point charge ¢ moving in the
x direction with a speed v (the same speed that enters in the Lorentz transforma-
tion). As seen from S we have p = ¢d(x — vt)d(y)d(2), jz = qué(z — vt)d(y)d(2),
and j, = j. = 0. As seen from S’, however, the particle is not moving, and
p' = qd(z")é(y')o(2"), while j; = j, = ji = 0. We can expect that the Lorentz
transformation will involve a linear mixture of p and j,, and that the other compo-
nents of the current density will be left alone. Rewriting p' in terms of the unprimed
coordinates gives

Pl = qdly(z +vt)|o(y)d(2)
= %5(3: — vt)8(y)d(2).

This expression for p’ involves a factor of 1/ instead of the expected v, and j, has
not yet made an appearance. But we can write it in the equivalent form

po= qy(1 =0 /)d(z — vt)d(y)d(2)

. [qacv — 03W)I(z) — vl — v1)3w)A(:)

v,
0 _C_QJwa

and this is the expected expression of a Lorentz transformation. This shows that
p transforms as ¢, and we further expect that j, will transform as z, that is, j, =
v(jz — vp). This is confirmed by the fact that the right-hand side is zero for the
situation considered here. We conclude that under a change of reference frame, the
charge and current densities transform as

Jo =z —vp),  Gy=dy  Ji=3J P = v(p - c_2ﬂw>- (6.1.6)
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While the derivation of these transformation rules was restricted to a very simple
situation, it is possible to show that they are in fact completely general.

To see how the potentials transform we recall the wave equations O(®/c?) =
—p/(€0c®) = —pop and OA = —ppj from Sec. 5.1. Because O is an invariant, these
equations tell us that ®/c? must transform as p, and that A must transform as j.
Thus,

v
Al = 'y(Az — C—2<I>), A, = Ay, A=A, ' =y(®—vA,;) (6.1.7)
are the Lorentz transformations for the scalar and vector potentials. These are
designed to leave the form of the wave equations unchanged under a change of
reference frame. You should check that the Lorenz gauge condition,

109

DA 2
v +c23t 0,

also takes the same form in S’. All the equations satisfied by the potentials are
therefore preserved under a Lorentz transformation. This implies that Maxwell’s
equations themselves are invariant under a change of reference frame.

We can now figure out how the fields transform. We simply write down how the
fields in S’ are related to the potentials,

!
=Y _ v  B-ovxa,
ot
and we substitute Eqgs. (6.1.4) and (6.1.7). For example,
0 0 v 0 v 0
! _ _A2 =2 e _ 7 _ A2 2 - _
B, = 7<8t+vax>(Am 02(I>> 7(6:17—’_02615)((1) UA””)
_ 04, 02
B ot Oz
- E,.
Or
0 0 0
E = —y(=4+v— A4, —7=—(®—vA
v 7<at+”ax> v 7ay( v, )
(24, 0%\ __ (04, o4,
- e Tay) e T oy
= 'y(Ey—sz).

Another example is

_ 04, 0A, 0A, 04,y
oy 9z Oy 0z

= B,.

Yet another is
0A!,, 0A,
0z’ ox'

0 v 0 v 0
= 7§<Az_c_2q))_7<%+c—2a>142
_ 0A, B 0A, N v _6Az 3 6_<I>
=7 0z or 702 ot 0z

v
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The complete summary of these results is that the electric field transforms as

E!' = E,, E, =~(E, —vB.), E, =~(E. +vBy) (6.1.8)

T Yy

under a change of reference frame, while the magnetic field transforms as
B. =B B ' =~(B,+~E B =~(B,-LE (6.1.9)
x zs y ’Y Y C2 z | z r)/ z C2 Yy |- s

Two observers in relative motion will therefore disagree as to the value of the electric
and magnetic fields.

There are interesting special cases to the foregoing results. Suppose first that
B = 0 in some reference frame S. In another reference frame S’ we have E! = E,,
E, =~E,, E, =~E., B, =0, B; = y(v/?)E, = (v/*)E, = —(v x E'),/c?, and
B = —y(v/*)E, = —(v/c*)E, = —(v x E’)./c*. In other words,

1
B=0 — B'=—uxE (6.1.10)

A pure electric field in S is therefore perceived as a mixture of electric and magnetic
fields in S’. Suppose next that E = 0 in S. Then B; = B,, B, = vBy, B, = 7B,
E, =0, E, = —yB, = —vB, = (v x B’),, and E, = ywB, = vB, = (v x B),.
In other words,

E=0 — FE =vxB. (6.1.11)

A pure magnetic field in S is therefore perceived as a mixture of electric and mag-
netic fields in S’. We conclude that E and B are observer-dependent fields; only
the electromagnetic field as a whole has an observer-independent existence.

6.2 Fields of a uniformly moving charge

[The material presented in this section is also covered in Sec. 11.10 of Jackson’s
text.]

We can use the Lorentz transformations of Eqs. (6.1.8) and (6.1.9) to calculate
the electric and magnetic fields of a point charge ¢ that moves with constant speed
v in the z direction. The charge’s position vector is

r(t) = (vt,b,0), (6.2.1)

where b is the charge’s displacement above the z axis. We want E and B as
measured at O, the origin of the reference frame S. We shall first do the calculation
in S', which moves along with the particle.

As seen in the reference frame S’, the charge’s position vector is ' = (0,b,0),
but the observer at O has a position rj, = (—vt’,0,0), because relative to S', O
moves in the negative x direction with speed v. In S’ there is only an electric field
E’, and its value at O is given by the standard expression

B-_9 T"To
dreg v — 1) |3
We have v’ — r{, = (vt',,0), |r’ —r{| = Vb? + v%t"2, and the primed components
of the electric field are
q vt , q b

B, = - E,=- E. =0. (6.2.2
¢ 4meg (b2 + v2t12)3/2’ v 4req (b2 + 02112)3/2” . =0. (622)

As measured in S’, the electric field lines are distributed isotropically around 7/,
the charge’s position.
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2 ‘ o ! 2 3

o]

Figure 6.1: Electric field of a uniformly moving charge, as measured by an observer
at the origin of a fixed reference frame. The 2 component of the field goes through
zero at t = 0, while the y component is always negative and achieves its maximum
(in magnitude) at that time.

We now transform the field to the frame of reference S. The coordinates of O
are x = y = z = 0, and the time coordinates are therefore related by ' = vt. The
unprimed fields are obtained by inverting Eqgs. (6.1.8) and (6.1.9), which is done by
reversing the sign of v. Because B’ = 0 we have E, = E;, E, = vE,, E, = E, =0,
B, =B, =0, B, = —(w/c*)E, =0, and B, = (y/c*)E,. We therefore obtain

q vt q b
B = ha @i T Theg@ipsepn 0
(6.2.3)
and v
B,=0, B,=0, B.=F, (6.2.4)

for the fields measured at O, in the S frame. Plots of E, and E, as functions of
time are shown in Fig. 6.1.

The fields can also be expressed in terms of the charge’s position vector, r(t) =
(vt,b,0). For this purpose we let ¢ be the angle between the vectors r and v. This
is defined by

S

3
~~
=

cosy = (6.2.5)

where r = |r| = Vb2 + v2t2. We have v - 7 = v*t, so cost) = vt/v/b? + v2t2, which
implies sinvy = b/v/b? + v2t2. We also have
B 42022 = 20202 + o)
22 4 242 v? b2
o + vt — =

2(b2 +1)2t2) 1— iL
7 20+ 2

- ~22(1 A
= —c—zsmd),
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and this can be substituted into Egs. (6.2.3). The end result is

q 1 T

E=-— r
dmeg ~2 [1— (v/c)?sin® 1/1]3/2 ré

(6.2.6)

for the electric field at O, and
B=—vxE (6.2.7)

for the magnetic field.

We see from Eq. (6.2.6) that E is always directed along —r(t), a vector that
points from the charge to O. The electric field therefore points away from the charge,
and this means that the electric field lines originate at the position of the moving
charge. The field lines, however, are not distributed isotropically around the charge;
this is revealed by the presence of sin? 1/ in the expression for the electric field. When
¢ = 0, that is, when r is directed along v, we have that [1 — (v/c)? sin® 9] 3/2 =1,
and the electric field is reduced by a relativistic factor of y~2 < 1. But when instead
¥ = m/2, so that r is orthogonal to v, then [1 — (v/c)? sin® )] 3/2 = 4% > 1, and the
field is amplified by a factor v > 1. The electric field, as seen in S, is strongest in
the directions transverse to the motion, and weakest in the longitudinal direction.

The results derived in this section are at once remarkable and unremarkable. It
is unremarkable that the field lines should emanate from the position of the charge
— we have the same picture in the charge’s rest frame. And it is unremarkable that
the field lines should be distorted by a Lorentz contraction in the direction of the
motion. But it is remarkable that the field registered at O does not involve a time
delay associated with the propagation of a signal from charge to observer.

Allowing for such a delay would suggest that the field at time ¢ should point not
toward the charge at its current position r(t), but instead toward an earlier position
r(t'). In this picture, a signal originates at the charge when it was at the earlier
position, and it propagates to O in a time At =t — ¢’ determined by the condition
that the signal travels at the speed of light; since the distance traveled is |r(¢')],
we must have t — ¢/ = |r(t')|/c, which in principle can be solved for ¢'. During
the time in which the signal propagates, the particle moves to its current position,
but the field registered at O should not yet be aware of this; it should know only
of the earlier position, and E should therefore point in the direction of r(¢'). But
this is not what we have found: the field does point in the direction of r(t), the
current position of the charge. Our picture, according to which information should
be delayed, is curiously wrong. We will return to this issue later on, and investigate
it more fully.

6.3 Fields of an arbitrarily moving charge

[The material presented in this section is also covered in Secs. 6.5 and 14.1 of
Jackson’s text.]

We now allow the point charge ¢ to move on an arbitrary trajectory r(t). We
let v(t) = dr/dt be its velocity vector, and a(t) = dv/dt its acceleration vector.
The charge density is

p(t,z) = gé(x — r(t)), (6.3.1)
and the current density is

it.z)=qu(t)s(z —r(t)). (6.3.2)

To obtain the fields produced by this particle we shall first calculate the potentials.
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6.3.1 Potentials

To calculate the potentials associated with the densities of Egs. (6.3.1) and (6.3.2)
we employ a technique that was first put to use in Secs. 5.2 and 5.3. For example,
we express the vector potential as

_ 4 _ I
A(t,m) — Z_;/J(tlywl)a(t t |(E T |/C) d3.fll'ldt,,

in terms of the retarded Green’s function obtained in Sec. 1.9. Substituting Eq. (6.3.2)
yields

0t—t' —|x—x'|/c)

qlo ' ’ ' 30 1ut
A = — —
(t,x) o /v(t)&(m r(t')) FEry d*z'dt’,
and integrating over d®z' returns
qpo N0t —t' — e —r()|/c) .,
A == . 3.
(t,x) o /'u(t ) = ()| dt (6.3.3)
The same manipulations produce
q [8t—t'—|z—r)l/c) .,
P(t = t 3.4
( Jw) 47T€0/ |-’B—T(tl)| d (63 )

for the scalar potential. At this stage it is convenient to introduce the quantities

Rt =z —r(t), R(t") = |& — r(t)], Rt = I;E::)) (6.3.5)

In terms of these the argument of the §-function is t — t' — R(¢') /c.

To evaluate the integrals of Egs. (6.3.3) and (6.3.4) we let s =t + R(t')/c—t
be the new variable of integration. We have ds/dt' = 1 + ¢~ 1dR/dt', and it is easy
to verify that dR/dt' = —R-v/R = —R-v. With this we obtain ds/dt' = , where

k=1—v(t)-R({)/c. (6.3.6)

The integral for the vector potential is then

qpo [ vd(s) dt’
A = Yo [POS)AT
ir] ®R a5 ®
_ apo [vé(s)
 4n kR ds

— o Y
4m |kR],_,

Similarly,

__a |1
 dmeo [KR|,_y
The condition s = 0 gives R(t')/c =t —t, or

|z —r(t")] = c(t = '), (6.3.7)

and this implicit equation can in principle be solved for . The meaning of Eq. (6.3.7)
is clear: The signal received at position x and time ¢ depends on the state of motion
of the particle at an earlier time t'; the delay (¢ —t') is set by the time required by
light to travel the distance R(t'). We shall call ¢’ the retarded time corresponding
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to the spacetime point (¢,2), and Eq. (6.3.7) will be referred to as the retarded
condition.
We shall write the potentials as

o(t,z) = 2 [%] - (6.3.8)

and
quo [ v

Alt@) = 4 L&R] ret
indicating that the quantities within the square brackets must be evaluated at the
time ¢’ determined by the retarded condition of Eq. (6.3.7). These expressions are
known as the Liénard- Wiechert potentials. Apart from the presence of x in the de-
nominator, the potentials take their familiar form from time-independent situations,
and they implement the notion that the potentials here and now should depend on
the retarded position and velocity of the particle. Given that the retardation effect
is present in the Liénard-Wiechert potentials, it is all the more curious that the
effect was not seen in the preceding section. (Stay tuned.)

The factor of 1/& accounts for the fact that

(6.3.9)

/ ot — & — 2| e, a’) d*a’

is mot equal to the charge g. While we do have [ p(t,2’) d®z' = g, in the previous
expression we sample the charge density at different times while performing the
integration, and the result is not ¢. Instead,

/p(t — |z —a'|/c,x’) d®x = /p(t',w')&(t —t' — |z —2'|/c) d®2'dt'
- q/a(t—t' e — ()| /c) dt
d

and this result clarifies the origin of Kk =1 — v - R/c.

6.3.2 Fields

Having obtained the potentials, we can calculate the fields by straightforward dif-

ferentiation,

E:—a—A—Vq) B =V x A.
ot

The dependence of A on t comes from its ezplicit dependence on t' and the retarded
condition |z —r(t')| = ¢(t —t'). Its dependence on x comes from the explicit depen-
dence of R and k on position, but there is also an implicit dependence contributed
by the retarded condition. This mixture of explicit and implicit dependence com-
plicates the task of taking derivatives. But we can simplify things by going back to
earlier forms of Egs. (6.3.3) and (6.3.4),

®(t (6.3.10)

) = 4mey | R(t") () dt

and

s)dt', 3.11
Alt,z) = 47“062/]% (6.3.11)
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where s = t'+ R(t') /c—t. Their advantage is that ¢’ inside the integrand is no longer

restricted, so that the dependence of the potentials on ¢ and « is fully explicit. It will

then be straightforward (if tedious) to differentiate first, and integrate next (thereby

setting ¢’ by the retarded condition). Before we proceed we recall the definitions of

Eqgs. (6.3.5) and (6.3.6): R(t') =« —r(t') and k = 1 — v(t') - R(t')/c = ds/dt'.
We begin with the scalar potential. We have

ve— L / [V(}%)é(s) + }%5'(3)Vs] ',
and since s depends on x through R, we can replace Vs by VR/c. This gives
ve - L / :V(%)(S(s) + Z—If(s'(s)] dt
= L / %V(%)&(s) + %5’(3)] d
= o/ [V -5 (Cn) s

where we have integrated the second term by parts. The derivative with respect to
s can now be expressed in terms of d/dt', and we finally obtain

q 1 1 1 d (VR
¢ = V|5 )————=]|d(s)ds.
v 4A1reg / [KV(R) cedt' \ kR (s) ds
Leaving this result alone for the time being, we move on and calculate 0A/0t. We
have

O0A %

ot 47T6062/R6 _dt
o g9 1 _/
T drme c2 6( )ds

- e lfidfv
"~ 4dmeg 2 [ds(nR)]é(s)ds

- e lfild v
e 02/[ndt’(/cR>]5(s)d$'

In the first step we used the fact that the only ¢ dependence is contained in s. In

the second step we substituted 9s/0t = —1. In the third step we integrated by

parts. And in the fourth step we replaced the s-derivative by a t'-derivative.
Collecting these results gives us an expression for the electric field:

q 1_/1 1 d (VR 1 d[w
E = ——V|(= — ) ——=——1{—)|d(s)d
4req /[ mV(R) ten ck dt' \ kR Ardt' \ kR (s) ds
_q 1 1 1 d(VR-v/c
T drweg /[ nV(R) + ck dt! kR O(s) ds.
This can be integrated at once, and we obtain
_q 1 1 1 d/VR—-v/c
 dmeg [ KV(R) T ok dr kR ret
This expression badly needs to be simplified. It is easy to establish that VR = f%,

so that VR™1 = —R/R?, and we already have obtained dR/dt' = —v - R in the
preceding subsection. We now set to work on

d (VR—-v/c\ 1 @_g B —v/cd(R)
dt’ kR KR\ dt' ¢ K2R? dt
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where a = dv/dt' is the particle’s acceleration. We have dR/dt' = d(R/R)/ dt'
—v/R + (R/Rz)('u R) = —[v—- (v-R) ]/R and also d(kR)/dt' = d(R —
R/c)/dt' = —v-R—(a-R—v-v)/c=—v-R—a-R/c+v?/c. Plugging these
results back into our previous expression gives

1d (VR-v/c\ 1 PN a
cdt’( KR ) B _R—RQ[’U/C_(U'R/C)R]_RRCQ

R-v/c N 9, 9 R—-v/ca-R
S (0 Rt + S St

= 11%2 ['u/c—(l—fi)R]+RH;7;2/C(1—;@—U2/02)
1

Hz—RCQ[(R—'U/c)(a-R)—ma]
_ R-v/c R R-v/c 9, 9 R-v/c
= S T mtoem VE) - SR

+ [(f%—’u/c)(a-f{)—/ia].

1
k2 Rc?
The first iand fourth terms cancel out, and the expression within the square brackets
is Rx[(R—v/c)xa]= (R-a)(R— v/c) R-(R-v/c)a=(R-a)(R—v/c)—

This gives

1d (VR-v/c __E+R—v/c+flx [(R—v/c) x a]
cdt' kR T R?2 ' 42k2R2 K2c2R '

Substituting all this into our previous result for the electric field returns

E(t,z) = (6.3.12)

g [R-v/c Rx[(R-v/c)xa]
471'€0|: *

’72 K3 R2 K32 R ’

ret

our final expression for the electric field of a moving point charge. The electric
field is naturally decomposed into a “velocity field” that decays as 1/R? and an
“acceleration field” that decays as 1/R. The velocity field represents that part of
the electric field that stays bound to the particle as it moves; it is the particle’s
generalized Coulomb field. The acceleration field, on the other hand, represents
electromagnetic radiation that propagates independently of the charge.

To obtain the magnetic field we take the curl of Eq. (6.3.11), which gives

vaa = L ()xw + VX050 ar
= LS () x v + Tt )] 4
= L v (3) e ds(vié”)]“S)ds
- wte [ @ i (T o

so that

qg 171 1 1 d(VRxv
B=21 " |2v(= . .
4reg €2 [KV(R) XU et KR rot
We now work on simplifying this expression. We have V(1/R) x v = —(Rxw)/R?,
and d(R x v/kR)/dt' can be expressed as

d (R-—v/c) xv _i(R—U/c) xv+R_v/C

dt' kR Todt! kR kR e
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which allows us to use results that were generated during the calculation of the
electric field. We have

li(f{—v/c)x'u _ _E+ﬁ—v/c (R-a)(R—v/c)—ka "
¢ dt! kR N R?2  42kx2R? k2 Rc?
+ R—v/c <a
ckR
_ _flxv+f{xv (fi-a)f{xv_axv
N R? v2k2R? k2 Rc? kRc?
+ Rxa axwv
ckR KkRc?
Rxv Rxv (R-a)Rxv Rxa
= — + 55 + ; + -
R? v2k2R? k2 Rc? ckR
Collecting these results, we arrive at
_ g 1] Rxv 3 (R-a)R xv _f%xa
 4megc? | 2k3R2 K3 Rc? ck’R | o
or
¢ 1[Rxv (R-a)Rxwv/c+rRxa
Bt = — — | = . 6.3.13
t2) 47eg 2 |:’)/2K?3R2 ck*R ret ( )
A little more algebra reveals that this can also be expressed as
1.
B=_[R], xE. (6.3.14)

The magnetic field also is decomposed into a velocity field that stays bound to the
particle, and an acceleration field that represents electromagnetic radiation.

Our general results for the electric and magnetic fields allow us to resolve the
issue that was first brought up near the end of Sec. 6.2: where does the electric
field point? Does it point toward 7(t'), the retarded position of the particle, as it
was argued it might do? Or does it point toward 7(t), its current position, as we
actually found in Sec. 6.2?7 The answer is that in general, the electric field follows
neither option.

Consider our expression (6.3.12) for the bound electric field. (We exclude the
radiative field from this discussion, as we expect it to behave largely independently
of the charge.) It shows that the field points in the direction opposite to the vector
—R + Rv/c evaluated at the retarded time ¢'. If the observation point is at the
origin of the coordinates ( = 0), then R = —r and the bound field points in the
direction opposite to

r(t') + (At)v(t),

where At is determined by the retarded condition
At=t—t' =r(t)/ec

This result is interesting: the field points not in the direction opposite to the charge’s
retarded position 7(t'), nor in the direction opposite to the charge’s current position
r(t), but in the direction opposite to the charge’s anticipated position r, = r(t') +
(At)v(t'). This is where the charge would be after a time At if it were moving
with a constant velocity v(t'); the time interval corresponds to the time required
for a light signal to travel from the charge’s retarded position to the observation
point. (The situation is described in Fig. 6.2.) So the field brings information to the
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. anticipated position
retarded position

r(t’)

current position

Figure 6.2: Retarded position, current position, and anticipated position of an
accelerated charge.

observer that does indeed originate from the retarded position, but the field orients
itself as though it were anticipating the motion of the particle during the time the
information propagates from the charge to the observer. Because the extrapolation
is based only on partial information (the values of r and v at the retarded time,
and nothing more), it is not fully accurate, and the field misses the actual position
of the particle.

Notice that uniform motion is a special case: when the velocity is constant, the
charge’s anticipated position 7, coincides with its current position r(t), and the
field “miraculously” orients itself in this direction. This explains the result found
in Sec. 6.2: the information needed time to reach the observer, but it was sufficient
to correctly anticipate the actual motion of the charge.

6.3.3 Uniform motion

Let us verify that the general expression of Eq. (6.3.12) reduces to Eq. (6.2.3) in
the case of uniform motion in the z direction.

We set r(t) = (vt, b,0), r(¢') = (vt',b,0) = ', and v(t) = v(t') = v&. We
once more take the observation point to be at * = 0. Because a = 0, Eq. (6.3.12)
reduces to

p__ 4 P +ufc g r’' +r'v/c

 Armey V2312 Ameg 2R3

or
! !
go__4 20 +rv/o (6.3.15)
dreg  (yrr')?
We recall that k =1+ v -#'/c.
The retarded condition is
= /b + (vt')? = c(t —t'),

and it gives, after squaring,

(1—v?/A)? =2t +t* —b* [ = 0. (6.3.16)

This is a quadratic equation for #/, which we do not need to solve.
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The numerator of Eq. (6.3.15) involves the vector ' + r'v/c. Its © component
is vt' + r'v/c = vt' + c(t — t')v/c = vt, and this vector therefore coincides with 7.
In the denominator we have (ysr')? raised to the power 3/2. This is

(') = 2 v o)?

P + 0% o)

= Pt —t +0%)P)?
VEE -t /)

= (22 -2t + 12 /4%).

We now use Eq. (6.3.16) to eliminate ¢' and obtain

Il

c2 [b2/c2 + ’72t2(]. _ 1/72)]
= b4+ y%%

(k')

Substituting these results into Eq. (6.3.15) gives

q yr(t)
E=- 3.1
dreq (b2 + y202t2)3/27 (6:3.17)

the same statement as Eq. (6.2.3).

6.3.4 Summary

The scalar and vector potentials of a point charge in arbitrary motion described by
the position vector r(t) are given by the Liénard-Wiechert expressions

q 1
[0 = — 3.1
(t,x) dreq [”R]ret (6.3.18)
and
_GHo | V.
Alt,z) = 22 [KRL, (6.3.19)

where R(t') =z —r(t'), R= |R|, R = R/R,

k=1—-v(t)-R(t)/c, (6.3.20)
and where t' is determined by the retarded condition

|z —r{')|=ct—-1t). (6.3.21)
The electric field is

-

¢ [R-—v/c Rx[(R—-v/c)xa]

4meg | v2K3R2 K3c2R ot

(6.3.22)

E(t,x)

and the magnetic field is

1.
B = p [R] I I (6.3.23)
Both fields are naturally decomposed into velocity (bound) fields that decay as

1/R?%, and acceleration (radiative) fields that decay as 1/R.
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retarded position

current position

Figure 6.3: Sphere S’ centered at the retarded position r(t') of the accelerated
charge. The sphere has a constant radius R(t') = | — r(t')].

6.4 Radiation from an accelerated charge

[The material presented in this section is also covered in Secs. 14.2; 14.3, and 14.4
of Jackson’s text.]

At large distances from the particle — in the wave zone — we can neglect the
velocity fields and approximate the electric field by

B(ta) = 4 Rx [(R-v/c) x a]

4reg k3c2R ret

(6.4.1)

and the magnetic field by
B= %[1”2] x E. (6.4.2)

ret
We recall that R = ¢ — r(#), R = |R|, R = R/R, k = 1 —v(t') - R(t')/c, and
that ¢’ is determined by the retarded condition ¢t — ¢’ = R(t')/c. In this section we
use these expressions to calculate how much power is radiated by the accelerated
charge. We also determine the angular distribution of the radiated power.

6.4.1 Angular profile of radiated power

Because our expressions for the fields refer directly to the charge’s retarded position,
it is a relatively simple task to calculate the power that crosses a sphere S’ centered
at this position (see Fig. 6.3); it would be much more complicated to adopt any
other reference point. The sphere S’ has a constant radius R(t') and its element of
surface area is da’ = R2(t')R(t') d€', where d) is an element of solid angle on the
sphere.

The energy crossing an element of S’ per unit time ¢ is, by definition, S(¢') - da’,
where S = E'x B/ g is the Poynting vector. But because all quantities are expressed
in terms of retarded time ¢’ instead of ¢, it is convenient to convert this “per-unit-
t-time” flux to a “per-unit-t’-time” measure. We have that

dt
S(tl) - da' @

is the energy crossing an element of S’ per unit t'-time, and the conversation factor
is dt/dt' =1+ c YdR(#')/dt' =1 —v(t') - R(t')/c = k. The displayed quantity can
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therefore be expressed as S(t') - R(t)R2(t')k d', which is a definition for dP' =
(dP'/dQ") dSY'. We have arrived at

dpP'
aqy

= kR’S-R (6.4.3)

energy crossing an element of S’
per unit ¢'-time and unit solid angle.

Because it is understood that all quantities refer to the retarded time t', we no
longer have a need for the redundant notation [ Jet. Integrating Eq. (6.4.3) over
dQ) gives the total power crossing S’. Integrating this over dt' (which involves
displacing S’ in response to the particle’s motion during integration) returns the
total energy radiated by the charge.
The Poynting vector is given by
1 1 . 1 o
S=—FExB=—FEx(RxFE)=—|E|°R,
Mo MoC kocC

because E is orthogonal to R. This gives

» ? 2
d—PI:LKR2|E|2=L 'l |Rx[(R—’v/c)Xa]|
df¥'  poc toc (4meg)? ey

?

or
AP po? |Rx[(R—v/c) x d]|’
aQ  (4n)2c K5 '
The general expression for the angular profile is complicated, and it depends on the
individual directions of v, a, and R. To gain insight into this it will help to look at
specific simple situations; we shall do so in the following subsections. To ease the
notation we shall now agree to drop the primes on dP'/dY.

(6.4.4)

6.4.2 Slow motion: Larmor formula

Our first special case will be the limit v < ¢. In this slow-motion approximation
we can neglect v/c in front of R in Eq. (6.4.4), and also set k ~ 1. We then have

dpP pod® | 4 - 2
@ = mpe B (Bxa)
2
Hoq AN |2
~ (47T)2C|a—(a-R)R|
2
fog .
= lirpellef — (@ RY].

If 6 denotes the angle between the vectors a and R, then |a|?> — (a - R)? = |a|?(1 —
cos? @) = |a|?sin? @, and we finally obtain

b ko
dQ ~ (4m)2c

(q|a|)2 sin? 6. (6.4.5)

This expression could have been derived on the basis of the electric-dipole ap-
proximation of Sec. 5.4. According to the results of that section, in particular
Eq. (5.4.22), the angular profile of radiation produced by a slowly-moving source is
given by

dP _ Ho
dQ  (4n)2c

|BJ? sin® ©,
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where p is the dipole moment of the charge distribution, and © the angle between
the vectors # = x/|xz| and p. Here p = ¢r(t), so that = ga. And because the
sphere S’ is centered on the particle, the vector R plays the same role as 7, so that
O = 0. The electric-dipole approximation therefore produces the same result as in
Eq. (6.4.5).

Integration of dP/d) over all angles yields

~ Ho 2
P~ (glal)”. (6.4.6)

This result is known as Larmor’s formula.

6.4.3 Linear motion

In this subsection we no longer restrict the size of v/c, but we assume that v and a
are pointing in the same direction. This condition might hold at all times, but it is
sufficient to assume that it holds only momentarily. At this moment the particle is
moving on a straight line. We now let 8 be the angle between R and the common
direction of v and a.

We have that v x @ = 0, so Eq. (6.4.4) becomes

apP _ Loq? |ﬁx (R x a)|2

dQ  (4m)2c K5 '
We already know that | Rx (Rxa)|> = |a|? sin? §, and we recall that k = 1—v-R/c =
1 —wvcosf/c. Substituting these results gives

aQ ~ @nze 'Y T " vcosb/e)

(6.4.7)

For v/c < 1 this reproduces the sin® € behaviour encountered in the preceding
subsection. For v/c approaching unity, however, the angular profile is strongly
modified — it tips forward in the direction of v (§ = 0), and the power radiated
at small angles is very large (see Fig. 6.4). For such values of v/¢, the radiation is
beamed in the forward direction.

The angular function is

.2
sin” 6
= 6.4.8
/ (1 —wvcosb/c)b ( )
Differentiating with respect to u = cosf and putting the result to zero indicates
that the maximum of the distribution is at the value of p that solves (3v/c)u® +
2pu —5v/e = 0. So most of the radiation is emitted at angles close to Omax, which is
determined by

1+15(w/e)?2 -1

€08 Omax = 300/0) . (6.4.9)
For v/c < 1, this expression is well approximated by cosfmax =~ 3 (v/c) — 2 (v/c)®+
.-+, and Omax ~ 7m/2: most of the radiation is emitted in the directions transverse
to v. This is the usual nonrelativistic situation. For v/c close to unity, however, so
that v > 1, Eq. (6.4.9) is well approximated by cosfpmax ~ 1 — 3772 — 25774 +- -+,
and 6, is very small: most of the radiation is emitted in the forward direction.
For such small angles we have cosOpax = 1 — %Qﬁlax + ---, and this gives us the

approximate relation

1
max =~ —, 1. 4.1
. oo > (6.4.10)
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Figure 6.4: The first plot shows the angular profile of radiation produced by a
nonrelativistic particle in linear motion; the radiation propagates mostly in the
directions transverse to the charge’s velocity (the horizontal direction in the plot).
The second plot shows the angular profile of radiation produced by a relativistic
particle in linear motion; the radiation is beamed in the forward direction with an
angular width of order 1/(2v). Notice the different scales in the two diagrams.
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This is the statement that when the charge moves with a highly relativistic speed,
the radiation is strongly beamed in the direction of the velocity vector.

The total power radiated is obtained by integrating Eq. (6.4.7) with respect to
dQ) = sin @ dfd¢. We have

™ 03
o 2 sin® 6 df
P= 2 _Anre
(47r)2c(q|a|) 7r/0 (1 —vcosb/c)®’

and the integral evaluates to %76. The final answer is therefore

Mo 2 6
P=— . 6.4.11
2 (glal)*y (6.4.11)
This generalizes the Larmor formula of Eq. (6.4.6). It is instructive to express this
in terms of the force acting on the particle. This force is F' = dp/dt, where p = m~vyv

is the particle’s relativistic momentum. For linear motion in the z direction we have
pe = mu/(1 —v?/c?)Y/? and

dps ma (mv)(v/c*)a ma
At (122 (12 2)32 T (1— v2/2)32

This result can be expressed as F = m~y3a, and Eq. (6.4.11) becomes

F 2
P= % (%) . (6.4.12)

This is the total power radiated by a charge in instantaneous linear motion.

6.4.4 Circular motion

We now take @ and v to be orthogonal vectors. This condition might hold at all
times, but it is sufficient to assume that it holds only momentarily. At this moment
the particle’s motion is circular. For concreteness we let a be directed along the z
axis, and v points in the z direction. We let the angles (8, ¢) give the direction of
the vector R relative to this set of axes. We therefore have a = aZ, v =vZ, and

~

R =sinfcos¢p& + sinfsin ¢y + cosh 2.
According to this, v - R=vcosb,a-R= asinfcosp, kK =1 —wvcos/c, and
Rx|[R-v/c)xa] = (R-a)(R—v/c)—R-(R—v/c)a
= (R-a)(R—v/c) - ka.
The squared norm of this vector is
IRx[(R-v/c)xa]]” = (R-a)*(R-v/c)-(R—-v/c)
—26(R-a)(R—v/c) - a + k%a?
= (R-a)>(1 —2R-v/c+v?/ — 2k) + k2a®
= —(R-a)’(1—1*/c?) + K2a?

P
= n2a2[1— (R2 aé) ]
K=y

Substituting this result into Eq. (6.4.4) gives

dP _ q?az[ _(R-a)z]

aa - (4m)2ec K3 K22
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Figure 6.5: Angular profile of radiation produced by a relativistic charge in circular
motion. The radiation is beamed in the (horizontal) direction of the velocity vector.

or
ar _ i ¢’lal’ o st ) (6.4.13)
dQ  (4m)2¢ (1 —wvcosb/c)? v2(1 —wvcosf/c)?

This angular profile is rather complex, and quantitatively different from the one

encountered in the preceding subsection; but it still features a strong beaming in

the forward direction (direction of v) when v is close to the speed of light. This is

illustrated in Fig. 6.5.

The total power radiated is obtained by integrating dP/dQ over the angles 6
and ¢. The result is

Mo 2 4
p=1H . 6.4.14
brc (glal)™ ( )

This is a different generalization of the Larmor formula of Eq. (6.4.6). We may also
express this in terms of the force F' acting on the particle. In this case the force
changes only the direction of the vector v, but not its magnitude. So F = dp/dt =
d(m~yv)/dt = mvya, and Eq. (6.4.14) becomes

_ Mo (M)zvz (6.4.15)

6mec\ m

This is the total power radiated by a charge in instantaneous circular motion. You
should compare this with Eq. (6.4.12) and notice the extra factor of 2.

6.4.5 FExtremely relativistic motion

At any point on the trajectory of a point charge, the applied force can be decom-
posed into a component that is parallel to the velocity vector v, and a component
F, that is perpendicular to it (F, - v = 0). When the motion is extremely rela-
tivistic, v > 1 and the total power emitted by the particle is well approximated by

Eq. (6.4.15),
2
poto (AR
6me m
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The contribution from the parallel force is smaller by a factor of 1/7? <« 1, and
it can be neglected. In this limit, therefore, the parallel force plays no role in the
energetics of the radiation.

6.5 Radiation reaction

[The material presented in this section is also covered in Secs. 16.1, 16.2, and 16.3
of Jackson’s text.]

In Sec. 5.6 we saw that a classical electron orbiting a classical proton emits
electromagnetic radiation. As a result, the classical hydrogen atom loses energy at
a rate determined by Larmor’s formula,

dE Mo 2

o =P =5 (dal)"
This loss of energy translates into a decrease in the electron’s orbital radius. The
orbit gradually shrinks, and the classical atom is unstable to the emission of elec-
tromagnetic radiation.

It is natural to assume that the electron is subjected only to the electric field
produced by the proton. This picture, however, is incomplete: So long as the
electron feels only the proton’s Coulomb field, its motion must stay circular (or more
generally, elliptical). The electron’s inspiraling motion cannot take place in this
picture, in contradiction with our previous description. We are forced to conclude
that the proton’s electric field cannot be the only field acting on the electron. The
electron must also be subjected to its own electric field. Tt is the electron’s self-field
which provides the force that drives the electron’s inspiraling motion.

This conclusion is difficult to understand, because the electron’s own field di-
verges at the electron’s position. How can it then produce a (presumably finite)
radiation-reaction force that drives the inspiral? The answer is that the divergent
part of the electron’s self-field exerts no force — it just travels along with the elec-
tron. The part of the self-field that is responsible for the radiation reaction is finite.

To figure out what this part is, let us ask what would happen if instead of
imposing outgoing-wave boundary conditions on our spherical-wave solutions to
Maxwell’s equations, we were to impose incoming-wave boundary conditions. In
this case we would have incoming waves bringing energy to the system instead of
outgoing waves taking energy away. The atom’s energy would then increase, and
the electron would move out instead of in. We would, in fact, have a mirror image
(more precisely, a time reversal) of the correct picture, and the radiation-reaction
force would be acting in the opposite direction (pushing the orbit out instead of in).

We can figure out which part of the electron’s field is producing the radiation-
reaction force by examining what happens when we switch from outgoing-wave
boundary conditions to incoming-wave boundary conditions. We will see that while
part of the field is not affected by this switch, the remaining part changes sign.
And we will see that while the unaffected part is infinite at the electron’s position,
the remaining part is finite. It is this part of the field that is responsible for the
radiation reaction.

Let us examine the vector potential first. The physical solution to Maxwell’s
equations is the retarded solution,

Y ot ’
A_(t,a:) — & J(t |.'B T |/C,m ) d3.’1fl,
4 |z —a'|

where j is the electron’s current density. This describes waves that are properly
outgoing in the wave zone. These waves remove energy from the system, and the
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radiation reaction drives the electron inward. An unphysical solution to Maxwell’s
equations is the advanced solution,

b [ 3t +lz—a'ljea)
Afta) = e [HER_T) g,

and this describes waves that are incoming in the wave zone. These waves bring
energy to the system, and the radiation reaction drives the electron outward. To
isolate the part of the (retarded) vector potential that is responsible for the radia-
tion reaction, we must examine both solutions simultaneously, and determine what
changes when we choose one sign over the other.

We want to evaluate A4 near the electron, in the near zone. We can therefore
take | — @’| to be small, and Taylor-expand the current density:

jexla—alfe) =g+ 2T gy

Relative to the leading term, the second term is of order (r./t.)/c = v./c, and we
shall take this to be small — we are working under a slow-motion approximation.

We have () p
Ho J ta T 3 1 o . ’ 3 1
AL =— [ ——=d2' + —— t,x')d’z +---.
7 an |z — 2| 47rcdt/'7(’ )
We see that the first term is the same irrespective of the choice of boundary con-
ditions (outgoing waves versus incoming waves); it cannot, therefore, contribute to
a radiation-reaction force. The second term, however, changes sign under a change
of boundary conditions, and the force it contributes will also change sign; this must
be the vector potential’s contribution to the reaction-reaction force. Because the
retarded solution provides the correct sign, we shall write
A (t,z) = _to d itz Pz + -, (6.5.1)
drce dt
and we will see that the fields this potential generates produce the radiation-reaction
force that acts on the electron.
For the scalar potential we have the two solutions

1 :l: _ 7 !
(I):t(t,ili) — / p(t |(B z |/C,$ ) d3.’El,
dmeg |z —a’|

and we Taylor-expand the charge density:
|z —a'| 9p |z —z'|* 8%p
t+|lx—x' = + = 17 = - -
pltxlz—a'l/c) = o) )+ TSR
|z —a'|> 0%p

:t -7
6c3 O3

&)+

This gives

1 p(t,:z:') 3.0 ld N g3 0.0
P = + - —
* 4meg [/ |:l:—:l:’|d$ cdt/p(t’w)dx
1 82 ’ 1 13!
+ﬁﬁ/p(t,m)|w—w|dw

1 83 ’ 12 33,1

The first and third terms are insensitive to boundary conditions; they have nothing
to do with radiation reaction. The second and fourth terms, on the other hand,
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change sign under a switch of boundary conditions, and they are associated with
radiation reaction. The second term, however, vanishes by virtue of charge conser-
vation, and we conclude that the radiation-reaction part of the scalar potential is

given by (recall that ¢=2 = eqpuo)
1 3
o.(t,z) = —f—;cg% p(t, )|z — ' |> Pz’ +---. (6.5.2)

Up to now the charge and current densities have been left unspecified, and our
considerations have been general: Egs. (6.5.1) and (6.5.2) give the radiation-reaction
potentials for an arbitrary distribution of change and current. These expressions
will apply, in particular, to a point charge ¢ if we set p(t, ") = ¢é(x’ — r(t)) and
3, x") = qu(t)d(x’ —r(t)), where v = dr/dt. Substituting this into our expressions
for the potentials returns

53
b (tya) = -1 1 ()
T
and
We have |z —r|? = (x —7) - (z — 7), and differentiating once with respect to ¢ gives
—2(x—7)-v. Differentiating once more gives —2(x —7)-a+2v-v, and differentiating

a third time yields —2(z —r)-a+2v-a+4v-a = —2(x —7) - a+ 6v - a. We finally
arrive at

=k e
<I>rr(t,:1:)—47rcq 3(:1: r)-a—v-a (6.5.3)
and
An(t,z) = —&qa. (6.5.4)

4rc

Here we have defined @ = dv/dt and @ = da/dt. These are the radiation-reaction
potentials acting on a point charge ¢ moving on a trajectory r(t).
The radiation-reaction part of the electric field is given by

8141‘1‘ Ho o 1 o
Err = - - (brr - = - )
ot v ! (a 3 a)

or Ho
E.,. = -—qa. 6.5.5
Grcdo (6.5.5)

Because A, does not actually depend on «, we also have
B,. = 0. (6.5.6)
The radiation-reaction force is therefore F;. = qFE,;, or

_ Mo o.
F, = 6rcl & (6.5.7)
This force acts on the point charge, and it originates from the charge’s own electric
field!
It is easy to verify that the radiation-reaction force does negative work on the
particle and takes energy away from it. As the charge moves with velocity v the
force does work at a rate

W=Frr-'v:&q2d v
6mc

We write

. d 9
a-v="(a ) -lal,
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and we average W over a time interval T'. This gives
SR
—/ W dt
T Jo
T T
o o1 (T d 1 / )
= —q|= —(a-v)dt — = dt
6me? [T/0 glevd—7 | lal

_ ﬂq2[%(a-v)|:—<|a|2>]'

67mc

(W)

Supposing now that the motion is periodic with period T' (as it would be in the case
of atomic motion), or else that it begins and ends with a vanishing acceleration, we
may discard the boundary terms and obtain

(W) = L2 2(ja]2) = —(P), (6.5.8)

where P is the power radiated by the point charge, as given by the Larmor formula
of Eq. (6.4.6). The work done by the radiation-reaction force therefore matches the
energy taken away by electromagnetic radiation, and we have energy conservation.
(It is noteworthy that this statement holds only on the average.)

We have a complete resolution of the paradox stated at the beginning of this
section. The electron’s own field, or at least the finite part that is sensitive to the
choice of boundary conditions, acts on the electron and prevents it from keeping its
circular motion. (Indeed, it is easy to check that for a circular orbit, the radiation-
reaction force of Eq. (6.5.7) points in the direction of —v and drives the orbit
to a smaller radius.) Furthermore, the work done by this radiation-reaction force
matches the amount of energy taken away by the radiation, as it well should if
energy is to be conserved in the process.

6.6 Problems

1. A point charge ¢ moves on a circle of fixed radius a with an angular frequency
w(t) that changes slowly with time. (The time scale over which w changes is
much longer than the rotational period.) We take aw to be smaller than c,
but we do not assume that it is much smaller than c; the charge has a Lorentz
~-factor that can be large compared with unity.

The charge emits electromagnetic radiation. It therefore loses energy and
this causes the angular frequency w to change with time. You are asked to
derive an equation for dw/dt and to express your result in terms of w, a, and
other relevant constants. (You may need to know that the charge’s relativistic
energy is E = ymc?, where m is the charge’s rest mass.)



